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Abstract
Continuous influence maximization (CIM) generalizes the original influence maximization by incorpo-
rating general marketing strategies: a marketing strategy mix is a vector = (x1,...,xq) such that for

each node v in a social network, v could be activated as a seed of diffusion with probability h,(x), where
h, is a strategy activation function satisfying DR-submodularity. CIM is the task of selecting a strategy
mix x with constraint ZZ x; < k where k is a budget constraint, such that the total number of activated
nodes after the diffusion process, called influence spread and denoted as g(x), is maximized. In this
paper, we extend CIM to consider budget saving, that is, each strategy mix « has a cost ¢(x) where c is a
convex cost function, and we want to maximize the balanced sum g(x) + A(k — c¢(x)) where X is a balance
parameter, subject to the constraint of ¢(x) < k. We denote this problem as CIM-BS. The objective
function of CIM-BS is neither monotone, nor DR-submodular or concave, and thus neither the greedy
algorithm nor the standard result on gradient method could be directly applied. Our key innovation is
the combination of the gradient method with reverse influence sampling to design algorithms that solve
CIM-BS: For the general case, we give an algorithm that achieves (% - 5)—appr0ximation, and for the case

of independent strategy activations, we present an algorithm that achieves (1 — é — 5) approximation.

1 Introduction

Influence maximization is the task of selecting a small number of seed nodes in a social network such that the
influence spread from the seeds when following an influence diffusion model is maximized. It models the viral
marketing scenario and has been extensively studied (cf. [12, 5, 13]). Continuous influence maximization
(CIM) generalizes the original influence maximization by incorporating general marketing strategies: a
marketing strategy mix is a vector & = (x1,...,x4) such that for each node v in a social network, v could be
activated as a seed of diffusion with probability h, (), where h, is a strategy activation function satisfying
monotonicity and DR-submodularity. CIM is the task of selecting a strategy mix a with constraint >, z; < k
where k is a budget constraint, such that the total number of activated nodes after the diffusion process,
called influence spread and denoted as g(x), is maximized. CIM is proposed in [12], and recently followed up
by a few studies [27, 7].

In this paper, we extend CIM to consider budget saving: each strategy mix « has a cost ¢(x) where ¢ is a
convex cost function, and we want to maximize the balanced sum g(z) + A(k — ¢()) where X is a balance
parameter, subject to the constraint of ¢(x) < k. We denote this problem as CIM-BS. The objective reflects
the realistic consideration of balancing between increasing influence spread and saving marketing budget.
In general we have g(x) monotone (increasing) and DR-submodular (diminishing return property formally
defined in Section 2), but A(k — ¢(x)) is concave and likely to be monotonically decreasing, and thus the
objective function g(x) + A(k — c¢(x)) is neither monotone, nor DR-submodular or concave, and thus neither



the greedy algorithm nor the standard result on gradient method could be directly applied for a theoretical
guarantee.

In this paper, we apply the gradient method [17, 20] to solve CIM-BS with theoretical approximation
guarantees. This is the only case we know of that the gradient method is applied to influence maximization
with a theoretical guarantee while the greedy method cannot. The gradient method may be applied to the
original objective function g(x) + A(k — c¢(x)), but g(x) is a complicated combinatorial function and its exact
gradient is infeasible to compute. We could use stochastic gradient instead, but it results in large variance and
very slow convergence. Instead, we integrate the gradient method with the reverse influence sampling (RIS)
approach [2, 24, 23], which is the main technical innovation in our paper. RIS is proposed for improving the
efficiency of the influence maximization task, but when integrating with the gradient method, it brings two
additional benefits: (a) it allows the efficient computation of the exact gradient of an estimator function of
g(x), which avoids slow convergence caused by the large variance in the stochastic gradient, and (b) for a
class of independent strategy activation functions h, where each strategy dimension independently attempts
to activate node v, the new objective function is in the form of coverage functions [11], which allows a tight
concave upper bound function and leads to a better approximation ratio.

For the general case, we apply the proximal gradient method originally designed for concave functions to
work with RIS and achieve an approximation of (% — E) (Theorem 3). This requires an adaptation of the
proximal gradient method for the functions of the form f;(x) + f2(x) where f; is non-negative, monotone
and DR-submodular and fs is non-negative and concave, and the result of this adaption (Theorem 2) may be
of independent interest. For the independent strategy activation case, we apply the projected subgradient
method on a tight concave upper bound of the objective function and achieve a (1 - % - 5) approximation
(Theorem 4). We test our algorithms on a real-world dataset and validate its effectiveness comparing with
other algorithms.

In summary, our contributions include: (a) we propose the study of CIM-BS problem to balance influence
spread with budget saving; and (b) we integrate the gradient method with reverse influence sampling and
provide two algorithms with theoretical approximation guarantees, on the objective function that is neither
monotone, nor DR-submodular or concave. Our study is one of the first studies that introduce the gradient
method to influence maximization, and hopefully it will enrich the scope of the influence maximization
research.

For clarity, the detailed proofs and full experiment results are moved to the appendix.

Related works. Influence maximization was first proposed by Kempe et al. [12] as a discrete optimization
problem, and has been extensively studied since (cf. [5, 13]). CIM is also proposed in [12]. Yang et al. [27]
propose heuristic algorithms to solve CIM more efficiently, while Wu et al. [7] consider discrete version of CIM
and apply RIS to solve it efficiently. Profit maximization in [14, 21] introduces linear cost with no budget
constraint to influence maximization. Our CIM-BS problem is new and more general than both CIM and
profit maximization studied before. The RIS approach is originally proposed in [2], and is further improved
in [24, 23, 18].

Recently, a number of studies have applied gradient methods to DR-submodular maximization: Bian et
al. [1] apply the Frank-Wolfe algorithm to achieve 1 — 1/e approximation for down-closed sets; Hassani et
al. [9] apply stochastic projected gradient descent to achieve 1/2 approximation; Karimi et al. [10] achieve
1 — 1/e approximation for coverage functions, which we adopt for the independent strategy activation case;
Mokhtari et al. [16] apply more complicated conditional gradient method to achieve 1 — 1/e approximation.
Our study is not a simple adoption of such methods to CIM-BS, because our objective function is not
DR-submodular, and gradient computation cannot be treated as an oracle — we have to provide exact
gradient computation and an end-to-end integration with the RIS approach.

2 Preliminary and Model

In this paper, we focus on the triggering model for influence maximization problem. We use a directed graph
G = (V, E) to represent a social network, where V is the set of nodes representing individuals, and F is
the set of directed edges with edge (u,v) representing that u could directly influence v. Let n = |V] and



m = |E|. In the diffusion process, each node is either active or inactive, and a node will stay active if it is
activated. In the triggering model, every node v € V' has a distribution D, on the subsets of v’s in-neighbors
N~ (v) = {u|(u,v) € E}. Before the diffusion starts, each node v € V samples a triggering set T, C N~ (v)
from the distribution D,,, denoted T;, ~ D,. At time ¢t = 0, the nodes in a pre-determined seed set S are
activated. For any time ¢ = 1,2,..., the node v is activated if at least one of nodes in its triggering set T, is
activated at time ¢ — 1. The whole propagation stops when no new node is activated in a step. An important
quantity is the influence spread of the seed set S, denoted as o(S), which is defined as the expected number
of the final activated nodes with seed set S. The classical influence mazximization problem is to maximize
o(S) such that |S| < k for some given budget k.

A generalization of the classical influence maximization problem is the continuous influence mazximization
(CIM) problem with general marketing strategies [12]. A mix of marketing strategies is represented by a
d-dimensional vector x = (z1,%2,...,24) € Ri, where R is the set of non-negative real numbers. In the
general case, we consider strategy mix « in a general convex set D C Ri, but most commonly we consider
D = R% or D has an upper bound in each dimension, e.g. D = [0,1]%. Given the strategy , each node
v € V is independently activated as a seed with probability h,(x), where h, : R% — [0,1] is referred to as a
strategy activation function. Once a set of seeds S is activated by a marketing strategy mix «, the influence
propagates from seeds in S following the triggering model. Then we define the influence spread of strategy
mix x, g(x), as the expected number of nodes activated by x, and formally,

g(x) = Es[o(9)]
=" 0(8) I] hula) - JT1 = hola)). (1)
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The above formula means that we enumerate through all possible seed sets S, and due to independent seed
activation by @ the probability of S being the seed set is [, cg hu(®) - [],¢5(1 — ho(x)) and its influence
spread is o(5).

In many situations, each strategy dimension in « activates each node independently. That is, for each
node v and each strategy j € [d], there is a function g, ; such that strategy j with amount x; activates node
v with probability g,,;(z;). Then we have hy(x) =1 —[[;¢(q(1 — gv,j(;)). We call this case independent
strategy activation. Independent strategy activation models many scenarios such as personalized marketing
and event marketing [7].

In this paper, we focus on an extension of the continuous influence maximization problem — continuous
influence mazimization with budget saving (CIM-BS). We have a total budge k, and for every strategy mix x,
there is a cost ¢(x). We do not want the cost to exceed the budget, and we want to maximize the budget
balanced influence spread: a combination of the expected influence spread and the remaining budget. More
formally, we have the following definition.

Definition 1 (Continuous Influence Maximization with Budget Saving). The continuous influence maximiza-
tion with budget saving (CIM-BS) is the problem of given (a) a social network G = (V, E) and the triggering
model {D,}vev on G, (b) strategy activation functions {h,}vev, (c) cost function c, total budget k, and a
balance parameter A > 0, finding a strateqy mix x* € Ri to maximize its balanced sum of influence spread
and budget savings, i.c., find ** such that ¢* € argmax,ep o(z)<k (9(x) + Ak — c(z))).

Note that when A =0 and ¢(x) = Zie[d] x;, the CIM-BS problem falls back to the CIM problem defined
in [12], and also appears in [27, 7]. When ¢(x) is a linear function and the budget constraint c¢(x) < k is
dropped, the problem resembles the profit maximization studied in [14, 21]. However, the general version of
the problem as defined here with A > 0, a general cost function c¢(x) and constraint c(x) < k together is new.
Henceforth, let s(x) = A(k — ¢(x)). Intuitively, s(x) is the budget-saving part of the objective. The overall
objective of g(x) + s(x) is trying to find the balance between maximizing influence and saving budget. We
call g(x) + s(x) the budget-balanced influence spread. For convenience, we denote P = {x | € D, c(x) < k}.

We say that a vector function f : D — R is DR-submodular if for any x,y € D with < y (coordinate-
wise), for any unit vector e; with the i-th dimension 1 and all other dimensions 0, and for any § > 0, we have



fl@+d-e;)—blx) > f(y+9-e;) — f(y). DR-submodularity characterizes the diminishing marginal return
on function f as vector x increases, hence the name. We also say that f is monotone if for any x,y € D with
x <y, f(x) < f(y); fis convex if for any @,y € D, any A € [0,1], fAx + (1 = N)y) < Af(x)+ (1 =N f(y);
f is L-Lipschitz if for any z,y € D, |f(x) — f(y)] < L ||z — y||2, where || - ||2 is the vector 2-norm; f is
B-smooth if it has gradients everywhere and for any x,y € D, ||V f(x) — Vf(y)||]2 < B||x — yl||2- Note that
when the gradients exist, the L-Lipschitz condition is equivalent to ||V f(x)||2 < L for all € D.

In this paper, we assume that the strategy activation function h, is monotone and DR-submodular,
which implies that the influence spread function g is also monotone and DR-submodular, same as assumed
in [12, 7]. Tt is reasonable in that, with more marketing effort, the probability of seed activation would
increase (monotonicity) but the marginal effect may be decreasing. For the case of independent strategy
activation (hy(x) =1 —[];c4(1 — qu,j(2;))), we assume g, ; is non-decreasing and concave, which implies
that h, is monotone and DR~submodular [7]. In term of the cost function ¢, we assume that ¢ is convex
and L-Lipschitz. The most common function is the simple summation (or 1-norm of @): c(x) = > ;¢ (4 i,
but more general convex functions are also common in the economics literature (e.g. [15]), for example
c(z) = [|z|]2-

An important remark is now in order. When h,,’s are monotone and DR-submodular and ¢ is convex, g is
monotone and DR-submodular and s is concave, and as a result g + s may be neither monotone nor DR-
submodular. This means the greedy hill-climbing algorithm of [12, 7] no longer has theoretical approximation
guarantee for the CIM-BS problem. This motivates us to apply the gradient method to solve CIM-BS.

3 Gradient Method with Reverse Influence Sampling

Gradient method has been applied to many continuous optimization problems. For our CIM-BS problem, a
natural option is to apply the gradient method directly on the objective function g+ s. However, the influence
spread function g is a complicated combinatorial function, such that its gradient Vg is too complex to
compute in practice. We could apply stochastic gradient on g (see Appendix D) but it has very large variance
due to the significant amount of randomness from both strategies activating seeds and influence propagation
from seeds, which leads to very slow convergence of the method. Instead, in this section, we propose a novel
integration of the gradient method with the reverse influence sampling (RIS) approach [2] for CIM-BS. The
key insight is that RIS allows the efficient computation of the exact gradient of an alternative objective
function gr + s while maintaining an approximation guarantee of 1/2 — . Moreover, when independent
strategy activation is satisfied by the model, the alternative objective enables a tight concave upper bound,
which leads to a 1 — 1/e — € approximation.

In Section 3.1, we first review existing results on RIS with the continuous domain. Then in Sections 3.2
and 3.3, we present the gradient method, its integration with RIS, and its theoretical analysis, which are our
main technical contribution.

3.1 Properties of the Reverse Reachable Sets
The central concept in the RIS approach is the reverse reachable set, as defined below.

Definition 2 (Reverse Reachable Set). Under the triggering model, a reverse reachable (RR) set with a
root node v, denoted R,, is the random set of nodes that v reaches in one reverse propagation: sample all
triggering sets Ty, u € V', such that edges {(w, u)|u € V,w € Ty} together with nodes V' form a live-edge graph,
and R, is the set of nodes that can reach v (or v can reach reversely) in this live-edge graph. An RR set R
without specifying a root is one with root v selected uniformly at random from V .

An RR set R, includes nodes that would activate v in one sample propagation. Then, the key insight is
that for a collection of RR sets, if some node u appears in many of these RR sets, it means u is likely to
activate many nodes, and thus has high influence. Technically, RR sets connect with the influence spread
of a seed set S with the following equation [2, 23]: ¢(S) = Eg[Pr{S N R # 0}]. For CIM-BS, we have the
following connection as given in [7]:



Algorithm 1 Grad-RIS: Gradient-RIS Meta-Algorithm for CIM-BS.

Input: Directed graph G, triggering model {D,},cv, domain P, strategy activation functions {h,}yev,
cost function ¢, budget k, balance parameter X\, Lipschitz constants L, Ly for the functions g 4+ s and
gr + s, approximation parameter £, confidence parameter ¢, gradient algorithm 4 with the approximation
guarantee «

Output: A strategy mix x

1: R, LB + Sampling(all parameters received)
2: ¢ + A(R,Jr + s,eLB) /* gr defined in Eq. (2), s(x) = Mk — c(x)) */
3: return x

Lemma 1 ([7]). For any strategy « € P, we have g(x) =n-Eg [1 — [[,cx(1 — hu())].

Intuitively, the above lemma means that a node v € R would activate R’s root if u itself is activated,
which happens with probability h,(z), and thus strategy mix successfully activate R’s root with probability
I = [L.er(l — hu(x)). We can generate 6 independent RR-sets R = {Ry,..., Ry}, and take the average
among them as defined below:

ir(@ =5 > (1 -Tla- m(:::))) . )
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We can see that gz (x) is an unbiased estimator of g(x). If 6 is large enough, then jr () should be close to
g(x) at every x € P. We also have the following lemma from [7].

Lemma 2 ([7]). If h, is monotone and DR-submodular for all v € V, then g and gr are also monotone and
DR-submodular.

3.2 Algorithmic Framework Integrating Gradient Method with RIS

We first introduce the general algorithmic framework that integrates any gradient algorithm with the RIS
approach. We assume a generic gradient algorithm A that takes a set of RR sets R = {Ry,...,Rg},
an objective function gr + s, and an additive error € as input, and return a solution & that guarantees
(9= +5)(&) > a - maxyep(gr + 5)(y) — ¢, in time T = poly(2), where a is some constant approximation
ratio. We call such an A an (o, €)-approzimate gradient algorithm.

Algorithm 1 gives the meta-algorithm. It first calls the Sampling procedure to sample enough RR sets R,
together with an estimated lower bound LB of the optimal solution. Then it calls the gradient algorithm A
with R, using gr + s as the objective function and LB as the additive error.

The Sampling procedure is to sample enough RR sets for the theoretical guarantee. We adapt the sampling
procedure of the IMM algorithm [23], as shown in Algorithm 2. We use the IMM sampling procedure mainly
because of its clarity in analysis and theoretical guarantee, while other sampling procedures (e.g. [18]) could
be adapted too. The main structure of the sampling procedure is the same as in IMM, where we repeatedly
halving the guess z; of the lower bound LB of the optimal budget-balanced influence spread to find a good
lower bound estimate, and then use LB to estimate the final number of RR sets needed and regenerate these
RR sets (the regeneration is the workaround 1 proposed in [4] to fix a bug in the original IMM). There are
two important differences worth to mention. First, in line 8, we call the gradient algorithm A to find an
approximate solution y,, which replaces the original greedy algorithm in IMM. Second, and more importantly,
the original IMM algorithm works on a finite solution space — at most (Z) feasible seed sets of size k, and
(Z) is used to bound the number of RR sets needed. However, in CIM-BS, we are working on an infinite
solution space, and thus we cannot directly have such a bound. To tackle this problem, we utilize the concept
of e-net and covering number to turn the infinite solution space into a finite space:

Definition 3 (e-Net and Covering Number). A finite set N is called an e-net for P if for every « € P, there
exists m(x) € N such that ||z — w(x)||2 < e. The smallest cardinality of an e-net for P is called the covering
number: N(P,e) = inf{|N|: N is an e-net of P}.



Algorithm 2 Sampling Procedure.

Input: Same as in Algorithm 1
Output: The RR-sets R and an estimated lower bound LB
1: LB+ 1,Rg < ¢,0p =0, + /2¢/3
2: fori=1,2,...,[logy(n + Ak) — 1| do
3: x; — (n+ k) /2
4: 0; {n(2+§5’)-
InN'(P, %2 2;)+£1n n+1n 2+1n log, (n+Ak)

5:

e2x;
6: Generate 0; — 0;,_1 independent RR-sets R’
T R1 «~— R U Ri—l
8: Y; < A(sz QR1 + s, 5%2/3)
9: if (gr, +9)(y;,) > (1+¢& +¢/3) - x; then
10: LB + 7(9172;?8(;’;); 0« 0;
11: break
12: end if
13: end for S
14: 0V = TR
15 02 — 2(1'~n~ln(4nzN(’P,%LB))

(e/3—X(a—¢/3)2¢/3)2LB

16: 0 < max{fM 92},

17: Generate 6 independent RR-sets Ry, ... Rz, R+ {Ri1,..., Ry}
18: return (R, LB)

As a concrete example, suppose we have 1-norm or 2-norm cost function c¢(x) = ||z||1or ||x||2. With
budget k, we know that P is bounded by the ball B (k) or Ba(k) with radius k. Then, As shown in [25], the
covering number satisfies N'(P, ) < N'(By (k), ) < N (Bo(k),e) < (3k/e).

Besides the e-net, we also need to have the upper bounds L; and Lo on the Lipschitz constants of functions
g+ s and Ggr + s. We defer the discussion on L; and Ly to the next subsection. Covering number and L;, Lo
together are used to bound the number of RR sets needed, as used in lines 4 and 15 of Algorithm 2. We denote
Algorithms 1 and 2 together as Grad-RIS, and we show that Grad-RIS achieves the following approximation
guarantee:

Theorem 1. For any €,¢,a > 0, for any («,e/3)-approximate gradient algorithm A for r + s, with
probability at least 1 — n%, Grad-RIS outputs a solution x that is an («a — €)-approzimation of the optimal
solution OPTyys of CIM-BS, i.e. (g+ s)(x) > (o —e)OPTys.

The proof of the above theorem follows the proof structure of IMM [23], where the number of the RR sets
needed is carefully adapted to accommodate the covering number of the e-net, and the Lipschitz constants of
the objective functions.

3.3 Gradient Algorithms

In this subsection, we will show two gradient algorithms that approximately maximize the function gz ()+s(x).
They are the instantiations of the generic algorithm A in Section 3.2: the first one works on the general
model and uses proximal gradient to achieve (%75)—approximation, while the second one works on the
special case of independent strategy activation and uses gradient on a concave upper bound to achieve
(1- %, g)-approximation.

General Case: ProxGrad-RIS. We first consider the general case where the strategy activation functions
h,’s are monotone, DR-submodular, Lj-Lipschitz and fj-smooth, and the cost function ¢ is convex and



L.-Lipschitz. In this case, we have that g and gg are monotone and DR-submodular (Lemma 2), and
budget-saving function s is concave. To solve this problem, we adapt the (stochastic) proximal gradient
algorithm [20, 19] to provide a %—approximate solution to the following problem: given a convex set P, a
B-smooth, non-negative, monotone, and DR-submodular function f;(x) on P and a non-negative and concave
function fa(x) on P, find a solution in P maximizing fi(x)+ fo(x). The original proximal gradient is for the
case when both f; and fs are concave, and we adapt it to the case when f; is monotone and DR-submodular
to provide an approximate solution. The reason we use proximal gradient is that our budget-saving function
s may not be smooth (e.g. when the cost function is the 2-norm function). We present the general solution
first, since it may be of independent interest. The following is the iteration procedure for the stochastic
proximal gradient algorithm.

w(t+1) = prox_me (;c(t) + ntv(t))’
where E[v()] = Vf;(x®),

prox,(x) := argmingep((y) + 5/l — yl3),
for any convex function ¢,

3)

where 7, < % is the step size and v(®) is the stochastic gradient at ® . We use A to denote an upper bound
of the diameter of P, i.e. A > maxg ycp ||® — yl|2. The following is the main result for the above stochastic
proximal gradient algorithm, with its proof adapted from the original proof.

Theorem 2. Suppose that P is a convex set, function f1(x) is S-smooth, non-negative, monotone, and DR-
submodular on P, fa(x) is non-negative and concave on P. Let * be the point that mazimizes f1(x) + fa(x).
Suppose that for some o > 0, the stochastic gradient v satisfies E|jv®) — V f1(x®)||3 < o2 for all t, then
for allT >0, if we setyy =n=1/(8+ %\/ﬁ), and iterate as shown in (3) starting from x(©) € P, we have

E|_max (fi+f)@?)

t=0,1,2,...,
1 BA? oA
> ol [ S ——

Note that if we use exact gradient instead of the stochastic gradient, we simply set ¢ = 0 in the above
theorem. To apply the proximal gradient algorithm and Theorem 2 to maximize g + s, we compute the exact
gradient of gr and also derive the Lipschitz and smoothness constants, as shown below. For RR set sequence
R ={Ri,...,Ro}, let YD (R) =3, |R|/0 be the average RR set size in R, v?(R) = 3 p 5 |R|?/0 be
the average squared size in R, and v®(R) = > _ |R[?/0 be the average cubed size.

Lemma 3. If functions hy(x)’s are Ly-Lipschitz, then function ggr(x) is (vY(R)nLy)-Lipschitz, and
function g(zx) is (n?Ly,)-Lipschitz. If functions h,(x)’s are B,-smooth, then function jr(x) is (v (R)nBy +
v (R)nL?)-smooth. The gradient of function jr(x) is
. n
Vir(@) =5 > Vhe@) [[ 0 h(x). (4)

RER W ER vER,v#£V!

With Lemma 3 and Theorem 2, we can conclude the gradient algorithm A working with Grad-RIS with
the following settings: (a) we use the proximal gradient iteration given in Eq. (3), with stochastic gradient
v®) replaced with the exact gradient Vg (z®) as given in Eq. (4); (b) we set step size 7; = 1/(v™M(R)nfS, +
v (R)nL?) when calling the algorithm with R; (c) we set number of steps T = 3(v™M) (R)nfy, +v 2 (R)nL?)-
A?/4e; (d) we use Ly = Ly = n’Ly, + AL, (since n > v (R)) as parameters in Grad-RIS. We refer to the full
algorithm with the above setting as ProxGrad-RIS. The following theorem summarizes the approximation
guarantee of ProxGrad-RIS.

Theorem 3. For any e,¢ > 0, with probability at least 1 — %, ProxGrad-RIS outputs a solution x that is a
(3 — €)-approzimation of the optimal solution OPTy, s of CIM-BS, i.e. (g+ s)(x) > (3 — &) OPTys.



We remark that the actual computation of the proximal step prox_,, g, () in Eq.(3) depends on domain D
and cost function ¢. When D = R‘i and ¢ is 1-norm or 2-norm function, we can derive efficient algorithm for
the proximal step, as summarized below.

Lemma 4. When c(z) = ||z||y and D = R, the proximal step can be done in time O(dlogd). When
c(x) = ||z||2 and D = Ri, the prozimal step can be done in O(d).

Independent Strategy Activation Case: UpperGrad-RIS. Next, we introduce an (1 — é)—approximation
for maximizing gr + s under the case of independent strategy activation. Recall that in the independent
strategy activation case, each function hy(x) = 1 — [[;¢4(1 — qu,;(;)), Where ¢, ;(2;) is monotone and
concave in z;. In this case, we can write §(x) into the following form.

OEEDY (1 -Tla- m(@))

ReER vER

=5 > (=TI - qs@)
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The above form makes gz (x) belong to coverage functions, which has the following concave upper and lower
bounds ([10]):

Proposition 1 ([10]). For any = € [0,1]!, let a(z) = 1 — Hézl(l —x;) and f(x) = min{LZizl x;}, we
have (1 —1/e)B(z) < ax) < f(x).

By Proposition 1, we can optimize gr + s where gg(x) is the upper bound of g (x) defined as:

gr(2) ;:% Somin{l, Y qu(@) (5)

ReR jE[d],vER

Since the function gz (x) is non-smooth, we use the projected subgradient method to maximize the
function ggr + s [17], as summarized by the following lemma.

Lemma 5. In the case of independent strategy activation, suppose that gr + s is Lgys-Lipschitz. If we use

projected subgradient descent to optimize the function (gr + s)(x) with step size n; = ﬁ and let y denote
gt

the output where (g + 5)(y) > maxzep (Jr +5)(T) — . Then (gr +5)(y) > (1 - 1) maxgep(§r +5)(@) — ¢,
(ALgys)?
52

and y can be solved in iterations.

The following lemma presents the Lipschitz constants and subgradients needed in Lemma 5.

Lemma 6. Suppose that functions q, j(x;)’s are Ly-Lipschitz, then function g(x) is n? \/&Lq—Lz’pschz’tz, and
functions gr () and gr(x) are vV (R)n\dL,-Lipschitz. The subgradient of the function g (z) is

07 Zf Z Q’U,j(‘rj) Z 1a

n JjE[d],vER
=3 (6)
Oher | Y. Vawl@), if Y aula) <1

vER,j€[d] jE[d],vER

Combining Lemma 6 with Lemma 5, we can conclude our subgradient algorithm based on the upper
bound function gr + s: (a) we use the projected subgradient algorithm with the subgradient of gr given
in Eq.(6); (b) we set step size n; = A/(v(W(R)nvVdL,\1); (c) we use T = 9(AvD (R)nvVdL, + A\L.)?/e?
iterations to get € accuracy; and (d) we set L1 = Loy = n2\/ELq + AL, in Grad-RIS. We refer to the full
algorithm with the above setting as UpperGrad-RIS. The following theorem summarizes the approximation
guarantee of UpperGrad-RIS.



Theorem 4. For any e, > 0, with probability at least 1 — %, UpperGrad-RIS outputs a solution x that is an
(1—1/e—e)-approzimation of the optimal solution OPTy 4 of CIM-BS, i.e. (9+s)(x) > (1—1/e—e)OPTy.

Total Time Complexity. For the time complexity of ProxGrad-RIS and UpperGrad-RIS, we make the
following reasonable assumptions: (1) the time for sampling a trigger set T,, ~ D, is proportional to the
in-degree of v; (2) the optimal influence spread maxzep g(x) among strategy mixes is at least the optimal
single node influence spread max,cy o({v}); and (3) Ak < n, otherwise the budget saving is more important
than influencing the entire network, and CIM-BS problem no longer makes much sense. The following theorem
summarizes the time complexity result when D = R and c¢(z) = ||z||; or ¢(x) = ||z||2. The more general
result is given in Appendix C. Notation O(-) ignores poly-logarithmic factors.

Theorem 5. Suppose that D = R% and c(x) = ||z||1 or ||z|l2, ho(x)’s are Ly-Lipschitz and [-
smooth. If Vhy,(x) can be computed in time Ty, the expected running time of ProxGrad-RIS is bounded
by O (Bhn2+Lin3 . Th(m+né)<(d+£)

8 8 Under independent strategy activation, if q, ;(x;)’s are Lq-Lipschitz

and the gradient and function value of g, (x;) can be computed in time T,, the expected running time of
- 4,72
UpperGrad-RIS is bounded by O (" dLy Tﬂm@“*“).

€2 €

From the time complexity result, we can see that the two gradient algorithms still have high-order

dependency on the graph size. This is mainly because we need the conservative bounds on the number
4 2
ﬁhnZ"'E‘Li"3 and ”:qu

of gradient algorithm iterations for the theoretical guarantee (terms ). In our actual
algorithms, we already use v())(R) and v(?)(R) instead of n and n? in the upper bound of the gradient decent
steps for gr + s, so our actual performance would be reduced by corresponding factors. For details, please
see Appendix C.2 for the results and discussions on using the moments of RR set size in the time complexity
bounds.

4 Experiments

Experiment setup. We test on two network dataset. The first dataset is the DM network, which is
a network of data mining researchers extracted from the ArnetMiner archive (arnetminer.org), with 679
nodes and 3,374 edges, and edge weights are learned from a topic affinity model and obtained from the
authors [22]. The second dataset is NetHEPT, a popular dataset used in many influence maximization studies
(e.g. [6, 26, 23]). It is an academic collaboration network from the “High Energy Physics Theory” section of
arXiv from 1991 to 2003, where nodes represent the authors and each edge represents one paper co-authored
by two nodes. After removing duplicated edges, we have 15,233 nodes and 62,774 directed edges. The
influence probabilities on edges are assigned according to the weighted cascade setting [12]: the influence
probability of edge (u,v) is 1/d,, where d,, is the in-degree of v.

Besides our ProxGrad-RIS and UpperGrad-RIS algorithms, we test two more algorithms: (a) ProxGrad-Org:
stochastic proximal gradient algorithm on the original objective function, and the stochastic gradient
computation as well as step size and step count settings are given in Appendix D. By Theorem 2, ProxGrad-Org
would achieve 1/2 approximation in expectation. (b) Greedy-RIS: simply replace the gradient algorithm A in
Grad-RIS with the greedy algorithm for the objective gz (x) 4+ s(x) on generated RR sets R, and the greedy
algorithm stops either when the budget is exhausted or the marginal gain is negative. This is similar to
the algorithm in [7], but since gz (x) + s(x) is neither monotone nor DR-submodular, Greedy-RIS has no
theoretical guarantee and it is only a heuristic algorithm for our tests. For the three gradient-based algorithms
ProxGrad-RIS, UpperGrad-RIS, and ProxGrad-Org, we further test their heuristic versions that may lead to
faster running time: instead of using a conservative number of iteration steps for theoretical guarantees,
we heuristically terminate the gradient iteration if the difference in the objective function values for two
consecutive iterations is within a small value of 0.3 (we will justify the choice of this parameter in our tests).
We put suffix HEU for the three versions of the heuristic gradient termination algorithms.

For parameter settings, we set ¢ = 0.3 and ¢ = 1 for all algorithms. For Greedy-RIS, we set the greedy step
size to be 0.1 on each dimension. For 1-norm cost function (c(x) = ||z||1), we test (a) vary k from 5 to 50 while



UpperGrad-RIS
—e—UpperGrad-RISHEU

—&—ProxGrad-RIS

«
&
3

ProxGrad-RISHEU

budget balanced influence spread
IS
8

budget balanced influence spread
@
8

o
8

——Greedy-RIS

——ProxGrad-Org

IS
)
3

—»—ProxGrad-OrgHEU

B
8
Y

5 10 15 20 25 30 35 40 45 50 0 1 2 3 4 5 6 7 8 9 10
budget k balance parameter A

(a) c(®) = [[z[[1, A =5 (b) e(x) = [|z|]1, k =50

460
440
420
400
380
360

310 /

320

budget balanced influence spread
budget balanced influence spread

300
1 2 3 4 5 6 7 8 9 10 0 10 20 30 40 50 60 70 80 90 100

budget k balance parameter A

(c) c(@) = [|zl2, A = 50 (d) c(@) = [|2||2, k =5

Figure 1: Budget balanced influence spread results for the personalized marketing scenario on the DM dataset.
The legends shown in (a) apply to all other figures.

keeping A = 5, and (b) vary A from 0 to 10 while keeping k = 50. For 2-norm cost function (c¢(x) = ||x||2),
we test (c) varying vary k from 1 to 10 while keeping A = 50, and (d) vary A from 0 to 100 while keeping
k = 5. The reason we use a smaller budget k for 2-norm cost function is because ||z||2 < ||x||1/V/d, and
thus we need a significantly small budget for 2-norm in order to have a similar feasible region. Parameter A
is adjusted accordingly so that A - k is at the same scale as the influence spread, otherwise either influence
spread or budget saving is dominant, and the problem is degenerated. For functions h,(x), we test two cases:
the personalized marketing case and the segment marketing case [27, 7]. In the personalized marketing case,
each node v receives a separate discount x, € [0,1]. This corresponds to the independent strategy activation
case with d = n, and ¢, j(x;) > 0 only when j = v. We set g, (2,) = 2z, — 22 as in [27, 7]. In the segment
marketing case, we have 10 strategies in total, i.e d = 10, each strategy targets to a disjoint segment of users,
and each user has exactly one corresponding strategy. Each user is randomly put into one of the 10 user
segments with equal probability, and if one segment in the end has less than 50 or larger than 80 users, we
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Figure 2: Budget balanced influence spread results for the segment marketing scenario on the DM dataset.
The legends shown in (a) apply to all other figures.

regenerate the user segments, so that in the end all segments have sizes within 50 to 80.

The experiments are run on a Ubuntu 17.04 server machine with 2.9GHz and 128GB memory. The code
is written in C++ and compiled by g++.
Experimental results. We first show the results on the DM dataset. Figure 1 shows the influence
spread results of the personalized marketing scenario, and Figure 2 shows the influence results of the segment
marketing scenario, both on the DM dataset. Each data point on an influence spread curve is the average of
five solutions found by five runs of the same algorithm, and the influence spread of each solution is an average
of 1000 simulation runs. In all cases, UpperGrad-RIS/UpperGrad-RISHEU has the best performance, followed
by ProxGrad-RIS/ProxGrad-RISHEU, which coincides with our theoretical analysis that UpperGrad-RIS has a
better theoretical guarantee. Both algorithms outperform two baselines in most cases, especially when A is
getting large. Large X indicates that we need to pay more attention to budget saving, and thus the result
suggests that our algorithm handles much better in the balance between influence spread and budget saving.
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Comparing the heuristic termination version of each gradient-based algorithm with their corresponding
theory-guided termination, the heuristic versions almost match the theoretical version in influences spread in

all cases, showing that the heuristic termination seems to perform well in practice.

Table 1: Running time results for the personalized marketing scenario on the DM dataset (in seconds).

c(x) =|lz||1, k=50and A =5 | ¢(x) = ||z||]2, k =5 and A =50
ProxGrad-RIS 33.2 27.3
ProxGrad-RISHEU 6.5 5.5
UpperGrad-RIS 81.8 72.3
UpperGrad-RISHEU 13.2 13.9
Greedy-RIS 10.2 8.7
ProxGrad-Org 1043.9 1021.6
ProxGrad-OrgHEU 243.4 187.8

Table 2: Running time results for the segment marketing scenario on the DM dataset (in seconds).

c(x) =||z||1, k=50and A=5 | ¢(x) =||z|l2, k=5 and A =50
ProxGrad-RIS 0.58 0.46
ProxGrad-RISHEU 0.12 0.11
UpperGrad-RIS 1.9 2.4
UpperGrad-RISHEU 0.32 0.77
Greedy-RIS 0.12 0.13
ProxGrad-Org 28.6 19.2
ProxGrad-OrgHEU 4.8 4.3

Table 1 shows the running time of the personalized marketing scenario, and Table 2 shows the running time
of the segment marketing scenario, Each running time number is the average of five runs. The result shows
that ProxGrad-RIS and UpperGrad-RIS are 9 to 49 times faster than ProxGrad-Org. This is mainly due to the
high variance in the stochastic gradient for the original objective function, as we discussed before. Moreover,
ProxGrad-RIS and UpperGrad-RIS is slower than Greedy-RIS. This is mainly because our conservative bounds
on the number of gradient iterations make ProxGrad-RIS and UpperGrad-RIS slow, while Greedy-RIS only use
the heuristic greedy approach with step size 0.1 without any theoretical guarantee. Indeed Greedy-RIS is
inferior to ProxGrad-RIS and UpperGrad-RIS in terms of the influence spread achieved.

The heuristic termination significantly improves the running time. Comparing against their respective
theory-guided termination counterparts, we can see that heuristic termination in general improves the running
time for 5 — 7 times. Comparing against the Greedy-RIS algorithm, we can see that ProxGrad-RISHEU is now
faster than Greedy-RIS and UpperGrad-RISHEU is close to Greedy-RIS in running time. Therefore, this means
that our gradient-based algorithms could achieve faster running time with heuristic termination while still
providing better influence spread quality than the greedy heuristic, and if we want a theoretical guarantee,
we could use more conservative theory-guided termination, which runs a few times slower but provides both
theoretical guarantee and best empirical performance on influence spread.

Next, we test on the larger dataset NetHEPT. On this larger dataset, the gradient algorithms with
theoretical guarantee is too slow to run, so we only run the heuristic versions of the algorithms and comparing
them with the heuristic greedy algorithm. Figure 3 show the result of the budget balanced influence spread
versus k and A respectively, for the case of the personalized marketing scenario. We use basically the same
parameter settings as in the DM dataset, except that we try large A values (e.g. A = 10 instead of A =5 as in
the DM dataset when varying k), because NetHEPT dataset has larger influence spread, and we need a larger
value of A to balance that. From the result, we can see that the UpperGrad-RISHEU and ProxGrad-RISHEU
still perform better than the greedy heuristic. Moreover, the advantage is larger when the balance parameter
A is getting large, similar to the results we see on the DM dataset. Table 3 reports the running time of the
algorithms on the NetHEPT dataset. We see that UpperGrad-RISHEU and ProxGrad-RISHEU are a few times
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Figure 3: Budget balanced influence spread results for the personalized marketing scenario on the NetHEPT
dataset.
slower than the greedy heuristic.

Table 3: Running time results for the personalized marketing scenario on the NetHEPT dataset (in seconds).

c(x) = ||z||1, kK =50 and A\ = 10
ProxGrad-RISHEU 964.1
UpperGrad-RISHEU 1522.7
Greedy-RIS 334.0

Besides looking at the budget balanced influence spread g(x) + s(x) as a whole, we would also like to
decompose this overall objective into the influence spread g(x) and budget saving s(x) and see how each of
them behaves, especially when A changes. Figure 4 (a) shows this test result on the DM dataset with k& = 50
and c(x) = ||z|]1, focusing on the UpperGrad-RIS and Greedy-RIS algorithms. The result shows that when
A increases, the influence spread objective g(x) in general decreases while the budget saving objective s(x)
increases, indicating that both algorithms lean towards budget saving when more weight is put on budget
saving. Comparing the two algorithms, we clearly see that UpperGrad-RIS put much more emphasis on budget
saving than Greedy-RIS, with budget saving objective s(x) more than doubled.

For the heuristic version of our gradient algorithms, we further verify the stopping criteria parameter 0.3
that we use. To do so, we vary this parameter from 0.1 to 1 and see the result comparing to the theory-guided
version of the algorithms. Figure 4 (b) shows this test result on the DM dataset with & = 50, A = 5 and
c(x) = ||z||1. The result shows that in general before 0.3 or 0.4, the performance of our heuristic algorithms
match very closely with the theory-guided versions, but when the parameter increases to 0.5 or above, the
performance of the heuristic algorithms starts to drop significantly. Therefore, in our main experiments, we
set this parameter to 0.3.

Finally, we collect the statistics for the first three moments of the average RR set sizes, which are closely
related to the running time of the gradient-based algorithms, as discussed at the end of Section 3 and shown
in Theorems 8 and 9. In particular, by random sampling 10,000 RR sets and taking the average, we obtain
vV =E[|R|] = 7.2, v® = E[|R|?] = 62.9, v®) = E[|R|?] = 501.4. Following the remark after Theorems 8, we
can see that without using these moments in the time complexity bound, we would have relaxed the bound
for a large factor. In particular, according to the remark after Theorems 8, the relaxation factors for various
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components of computations are: n/v() =94, n? /v = 7,330, v . /v? =78, and vV - n?/v3) = 6,620.
This suggests that using moments of mean RR set size would significantly reduce the time complexity bound.

5 Conclusion and Further Work

In this paper, we tackle the new problem of continuous influence maximization with budget saving (CIM-BS),
whose objective function is neither monotone, nor DR-submodular or concave. We use the gradient method
to solve CIM-BS, and provide innovative integration with the reverse influence sampling method to achieve
theoretical approximation guarantees. One important direction of future study is to make the gradient
method more scalable, which requires more detailed study of convergence behavior and properties of the
gradient method in the influence maximization domain. Another direction is to investigate if the gradient
method can be applied to other influence maximization settings such as competitive influence maximization.
Gradient method is a rich and powerful approach that has been already applied to many application domains,
and thus we hope our work could inspire more studies incorporating the gradient method into the influence
maximization research.
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Appendix
A Proof of Theorem 1

In this section, we present the detailed proof of Theorem 1. The proof follows the structure of the proof of
IMM [23].

Our analysis is based on a version of Chernoff bound, which is shown as follow. For convenience, we
will use the notation OPT, to denote the maximum value of g and OPT s to denote the maximum value
of g + s in the set P, and we use xj to denote the solution when maximizing the function g in the set
P, i.e. g(ac;) = OPTy. We will also use z;,, to denote the point maximizing g + s in the set P, i.e.
g(xg, ) = OPTyy,.

Proposition 2 (Chernoff Bound [23]). Let X1, Xa,...,X; be t independent random variable with support
[0,1], and let E[X;] = u for alli € [t]. LetY = Zle X, we have for any v > 0,

2
gl
Pr{Y —tu>~v-tu} <exp| — tu ).
{ =y tpd < p( 2+§7u>

For any 0 < v <1, we have
2
Pr{Y —tp < —y-tu} <exp <—étu> .

Recall that we want to optimize the function (g + s)(x) in the set P, where h(z) > 0 for all € P, and
g(x) is the influence of the network with strategy @ and g(x), and we use

OESDY (1 ~TIe- hv<w>>)

ReR vER

to approximate g(x).

Then given the Chernoff bound, our proof comes as follow. We first fix the number of generated independent
RR-sets § = |R| and we assume that we have an lower bound LB for the optimal value OPT, . We first
show that with the randomness of the generated RR-sets, with high probability, optimizing the function
(gr + s) will lead to a guaranteed approximation of the function (g + s). (Lemma 7,8,9) Then we show that
with high probability, the Sampling Procedure(Algorithm 2) will return a lower bound LB for the optimal
value OPT ;.

Lemma 7. Given a constant 0 < o' < 1. For anye >0, any 0 < o’ey < /3, and any 01,2 > 0. If we have
an lower bound LB for the optimal value OPTy ., let

20’ -n-1In (%)

. 1
o 212 () 0OW) = e
(/3 — a’ey)2LB’

e2- LB "’ N

where N is a variable. Recall that x; ; = argmax,cp(g(x) + s(x)), then for any fived |R| = 0 > 0, we
have
Pr{gr(zy,s) +h(zy ) < (1 —¢1)- OPTyys} <61

For any fized |R| = 6 > 0P (N) and any fized possible solution & € P that satisfies g(x) + h(x) <
(o«/ —€/3)OPTyys —T where T >0 is a constant, we have

Pr{gr(@) + s(@) > o'(1 — 1) - OPTy s — T} < %
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Proof. First recall that

HOEEDY (1 - [Ja- hv(w>)> :

RER vER
Let X*(x) = 1 — [[,cp,(1 — ho(x)) where R = {Ry,Ra,..., Ry}, then XF(x) € [0,1] and gr(x) =

7 Zle XR(x). We also know that X*(z) are independent. Then from the Chernoff bound(Proposition 2),
we have

Pr{gr(zg ) + s(xgy,) < (1 —e1) - OPTyys}
6
n * * * *
=Pr {9 D OXF (@) +s(@)y,) < (1—e1) - (9(mhey) + S(wg+s))}
=1
4 0 0
=Pr {Z XF(x),,) — —g(wge,) < —e1- nOPTg+S}
1=1

o . OPTyu. 2
1 g(w;+5) 9

5 Eg(m;rs)

<exp

2
< exp ( €1 QOPT9+3>
n

2

E%2n~ln(i)
< _a N opr, L | <6y
=SSP TS B 2 gs [ =01

Let eg = e — a’ey. Let & € P be a point such that g(x) + s(x) < (o/ —¢/3)OPTy, s — T, and we have

Pr{jr(z)+ s(x) > /(1 —e1) - OPTyrs — T}

0
=Pr {Z ;Xf(m) +s(x) —g(x) — s(x) > a'(1 —¢€1) - OPTyys — g(x) — s(x) — T}

- EEQOPT9+S n
2+3 g9(=)

e30PT2, 9)

2g(x) + 2620PTyq s 0

20PT?
<exp < €3 g+s 4 >

2(a’ —/3)OPTy s + 2650PT 441

(/3= 0'e1)?OPT,y, 0
2a/ n
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N
(e/3 — a/€1)20PT9+5 l 2a/ -n - 1In (E) 5o
2a/ n (e/3—a’e1)?LB

<exp | —

O

Lemma 8. Given a constant 0 < a < 1,Ly,Lo. For any e > 0, any ea > 0,0 < ez < a, any 0 < €1 <
(v —€3)e/3, and any 61,02 > 0. Suppose that we have an lower bound LB for the optimal value OPTy. s, if
(a) Pr{gr(x;,s) +s(x;,s) < (1 —e1) - OPTyys} < 015
(b) for any x € P that satisfies g(x) + s(x) < (o« —e3 —€/3)OPTy4 s — Loea LB, we have

92

Pr{gr(@) + s(@) > (o = ea)(1 = 1) - OPTyps — Looa LB} < s

(c) the algorithm A will output T oy such that (Gr + $)(Tour) > (o — €3) - maxzep(Gr + 5)(X);
(d) (g + s)(x) is Li-Lipschitz, and (Gr + s)(x) is La-Lipschitz;
then with probability at least 1 — §1 — da,

(9+5)(®out) > (@ —€/3 —e3 — (L1 + La)ea) OPTy .

Proof. First we fix an e2LB-net E for the set P with number of points N (P,e2LB). Let n(x) : P — FE
denote the mapping from P to the e3LB-net E such that ||w(x) — z||2 < e2LB. From assumption (a), we
know that with probability at least 1 — §;, we have
(Gr + 8)(@our) Z(a — £3) max(gr + s)(x)
zeP

(o —e3)(gr + 8)(Tgys)
(CV — 53)(1 — 61) . OPT9+S.

v v

Since (gr + s)(x) is Lo-Lipschitz, we have

@R + 3)(7T<wout)) =(9gr + 5)(wout) + ((gr + 5)(77(5'30%)) - (gR + 3)(330ut>)
(Gr + 5)(Tout) — ‘@R +8)(m(Tout)) — (gr + 5)(wout)‘

>
2(0& — 63)(1 — 61) . OPTg+S — L2€2LB.

Then from (b) and the union bound, we know that with probability at least 1 — d, for every « € E, if
g(x) + s(x) < (o —e3 —e/3)OPTy4s — LoeoLB, then

gr(x) + s(x) < (@ —e3)(1 —e1) - OPTgys — Lo LB.
Then by the union bound, we know that with probability at least 1 — §; — do,
(g4 s)(m(xout)) > (@ —e3 —/3)OPT 445 — LaesLB.
Since from (d), (g + s)(«x) is Li-Lipschitz, then with probability at least 1 — d; — d2, we have

(g+ s)(@out) > (94 8)(m(xour)) — L162LB > (v — 3 — /3 — (L1 + L2)ea)OPTgys.

Combining Lemma 7 and Lemma 8 together, we have the following lemma,
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Lemma 9. If (g + s)(x) is Li-Lipschitz, and (§r + s)(x) is Lao-Lipschitz. Suppose that we have an lower
bound LB for the optimal value OPTys, and an oracle A that can get an (o — e/3)-approximation for
OPTyis, where o« —e/3 > 0. Let

I ¢ /3
o0 8n - 1n (47’/) 42 _ 2a/ -n - In (4n N(P, L LB))
LB (a—¢/3)2e2/9’ (/3 — (a—¢/3)%¢/3)2LB

IfIR| = 6 > max{0M, 0} and x,u; = A(gr + h,eLB), then with probability at least 1 — 5

ont’
(g + 3)(wout) > (Oé - 8) OPTg_;,_S.

Proof. The proof of this lemma is a direct combination of Lemma 7 and Lemma 8. We choose the parameters

61 = 02 = 717 in Lemma 7 and Lemma 8. We choose 1 = 1(a —¢/3), &2 = Lfi €3 = ¢/3 in Lemma 8§,

4nt Ly’
and o’ = a —¢/3 in Lemma 7.
Now since |R| = § > max{#()), #(?)}, then the assumption of Lemma 7 is satisfied, and then the assumption
(a),(b) of Lemma 8 is satisfied.

Then based on our assumption on the oracle A, we know that
(= + 5)(Tour) = amax(jr + 5)(z) —¢/3- LB = (a — £/3) max(gr + s)(x),

then the assumption (c) of Lemma 8 is satisfied.
We also assume that (g + s)(x) is Lq-Lipschitz, and (§r + s)(x) is Lo-Lipschitz, so assumption (d) is also
satisfied. Then we know that with probability at least 1 — 217,

(9 + 8)(@out) > (@ — €)OPTy .
O
Now we show that with high probability, the sampling procedure will return a lower bound LB < OPT .
Lemma 10. For every i =1,2,..., |log,(n + Ak) — 1], suppose that gr, + h is La-Lipschitz where |R;| =

9 ’Vn-(2+§6')- (111./\/(73, EL/; z;)+£1Inn+In 2+Inlog, (n+)\k)) “
i = ’

€/2$i

(a) if ; = 5 > OPT,., then with probability at most m,

(Gr, +5)(y;) > (1 + & +¢/3)xi;

(b) if v; = £ < OPTyy,, then with probability at most m,

(Gr: +8)(y;) = (1 +&" +¢/3)OPTyys.

Proof. Let E; be the %xi—net such that |E;| = N (P, %xz) and let m;(x) : P — E; denote the mapping
such that ||m; () — x||]2 < %xl Since gr, + h is Lo-Lipschitz, we only have to prove that

() if 2; = ZEE > OPTy.,, then with probability at most

1
2ntlog, (n+Ak)’
(Gr, +8)(mi(y,)) = (1 + &)

(b") if 2; = &% < OPT, ., then with probability at most

2nt logzl(nJr)\k)’
(Gr, +8)(mi(y;)) = (1 +&")OPTyqs.
Let Xle(:c) =1- HveRj(l — hy(x)) where R; = {R1, Ra, ..., Ry, }, then X;R" (x) € 10,1] and ggr,(x) =
n |0 i
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We first prove (a’). We first fix a y € P, then if z; = ntk OPT41,, we have

&
Pr{(gr, +s)(y) = (1 + ')z}

0;
n
=Pr{ 2> X[ () +s(y) > 1+
j=1

=Prd 23 X (y) — gly) > (1+)as — s(y) — 9(y)

=1
0;
<Pr{ > XFi(y)— —g(y) > —<'m
j=1
(g;v 2
g(y1)> 01
SeXP 72 2 ez, g (y)
* 3 0w)

o (E’l‘i)Q 01
= X S
P 2g9(y) + %E'.’Ei n

6/2.1‘1' 92
gexp - 2 7
2+35e'n

2y 1T (2+2¢) - (lnN(P, %xl) +{¢Inn+1n2+Inlog, (n + )\k))
24 2¢/'n ez,
_ 1

2nt - N (P, EL/—fxl) logy (n + \k)

<exp | —

Then note that there are at most A (P, L%:cl) possibilities for ;(y,), so applying the union bound, we have

Pr{(Gm, + 9)ml)) 2 (140} € o

b’). If z; = 2tk < OPT,.,, then for any fixed y € P, we have
2 g+

gr; +s)(y) > (1+ 5/)OPT9+5}

Then we prove

0;
% XRi(y) +s(y) > (1+)OPTy

Jj=1

b;

0;
=br { 7 2 X[ ) —a(y) > (1+)OPTyp. = s(y) — 9(y)
{ZXyR (y) - E!J(’y) > %E’OPT9+S

_ (e’OPTg+5)2 0
29(y) + 26'OPTyps 1

21



12 .
<exp <€ OPTy+s 01)

24 %5’ n
e20PT,, 17 (24 2¢) - (ln./\/(P7 %xl) +/Inn+1n2+Inlog, (n + )\]{1))
< — 5
<exp 21 %6, n 2z,
1
< 3 .
2nt - N (P, %xz) -logy (n + AKk)
Then similar to the proof of (a’), applying the union bound will conclude the proof. O

Then with the help of Lemma 10, we can prove Theorem 1.

Theorem 1. For any e,l,a > 0, for any («,e/3)-approximate gradient algorithm A for r + s, with
probability at least 1 — ﬁ, Grad-RIS outputs a solution x that is an («a — €)-approzimation of the optimal
solution OPTgys of CIM-BS, i.e. (g+ s)(x) > (o —e)OPTyys.

Proof of Theorem 1. First we show that with probability at least 1 — ﬁ, the output lower bound LB <
OPTys. We first prove the case when OPTy s > Z|16g,(ntak))—1- Let k denote the smallest index such that
OPTy1s > 4. Then for any ¢ < k — 1, we have OPT,,, < z; and for any j > k, we have OPT ,, > x;.
Then from Lemma 10 and union bound, we know that with probability at least ﬁ, for every i < k —1,
(Gr, + 8)(mi(y;)) = (1 + &)y, and for every j > k, we have (gr; +5)(y;) > (1 +¢"+¢/3)OPTyy 5. Then
from the definition of the algorithm, we know that LB < OPTg,.

Then for the case when OPTy s < Z|10g,(nt k)| -1, from the union bound, we know that with probability
at least 1 — ﬁ the ‘break’ statement will not be executed. So LB =1 < OPT .

Then we bound the probability that the algorithm does not return an « — ¢ approximation. Let A denote
the event that the algorithm does not return an aw — € approximation, and B denote the event that the output

of the Sampling procedure LB > OPTy,,. We want to show that Pr{A} < -;;. We have

Pr{A} =Pr{AA B} +Pr{AA-B}
<Pr{B} + Pr{A|-B}.

From Lemma 10, we have Pr{B} < 2—711[ Since we generate new RR-sets before using the oracle to get the

solution, so LB can be viewed as fixed, and from Lemma 9, we know that Pr{.A|-B} < ;... Combined them
together, we complete the proof. O

B Omitted Proofs in Subsection 3.3
B.1 Proof of Theorem 2

In this section, we give the formal proof of Theorem 2. First we slightly review the iteration step and the
notations. For the proximal gradient descent, the iteration is shown as follows:

{ ) = prox_, ; () + nw®), where E[v®] = V f1 (z®), 7)

prox,(x) = argmin, cp((y) + ||z — y||3), for any convex function ¢,

where 7; < % is the step size and v® is the stochastic gradient at z(*) . Note that without loss of
generality, we can assume that fy(x) = —oo for all & ¢ P, and we have argmin,cp(¢(y) + 3/l — yl[3) =
argming, (¢(y) + 3llz — yl[3). Let Gy (z) = %(:E — prox_, s, (& + nv)) where v is the stochastic gradient of f;
at point @, then we have z(+1) = z(® — .G, (z®).

To analyze the convergence of the proximal gradient descent, we have the following proposition from [3].
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Proposition 3. If the function f(x) is DR-submodular and monotone, we have

(Vf(x),z —y) <2f(z) — flx Ny) — f(zVy).

Lemma 11. Let u = G, (x) + v, then u € —0fz(x — nG,(x)), i.e. u is the subgradient of —fo at point
x —nG,(x). Here v is the stochastic gradient of f1 at point , and G, (x) = %(a: — prox_, s, (T + nv)).

Proof. First it is easy to show that if g is convex and u = prox (), then we have £ —u € dg(u). This is due
to the fact that w minimize the function g1 (y) = g(y) + 3||ly — #[|3, and g1(y) is convex in y. Then we have

0€dg(u)+u—x=x—ucdg(u).
Then note that = — nG, () = prox_, ;, (x + nv), then we have
x +nv —prox_, . (x +nVf(x)) € —ndfa(x — nG,(x)),
and rearranging the terms we have
(v + Gy(x)) € —nd fa(x —nGy(z)),
which concludes the proof. O

Lemma 12. Suppose fi(x) is a monotone DR-submodular function on convex set P and fa(x) is concave
on set P. Note that we assume fa(x) = —o0 for all x ¢ P. If f1(x) is B-smooth, and n < % is the step size,
then for any x,z € P, we have

(f1 + f2)(® = nGy(x)) + (f1 + f2)(®) 2(f1 + f2)(2) + gllGn(w)H% = Gy(@)"(x — 2)
+fao(®) = (v = Vfi(@)" (x — nGy(z) - 2).

Proof. First note that x — nG (x) € P, since z —nGy(x) = prox_, ¢, (™) +nv*)) where v(¥) is the stochastic

gradient of f; at point (®), and we know that —nfs(x) = +oo for all x ¢ P.
From the smoothness of function f; and the convexity of —fo and the previous lemma(Lemma 11), we
have

— (fr + fo)(x — nGy(z))
=— fi(x —nGy(x)) — fo(x — nGyH(x))

<~ (@) + V@), G @)+ DGy @)~ ol —nCy ()
@) + 1V (@) Gy () + 2 G (@)

~ a2) + (0 + Gofa)) (&~ nGiy(a) — 2)
@)+ 1V @)y (@) + DG (@)

— 1o(2) + (Vi) + (@) (2~ 1Gy(z) — 2) + (0~ V(@) (@ 1) — 2)
= 1@+ VA@ @~ 2) — DGy @)~ fo(2) + Gyle) @~ 2)
o= VA (@ - Gy () - 2).
Then from the proposition(Proposition 3)

(Vfi(z),x — z) <2f1(x) — filx AN z) — fi(eV z) <2f1(x) — fi(2),

23



we have

~(fi+ fo)(@ = 1Gy(x)) < — fi(z) + Vii(2) (@ - 2) - gllnGn(w)Hg — f2(2)
+Gy(x)" (@ — 2) + (v = Vfi(@) (@ —1Gy(z) - 2)
S—f1(w)+2f1(w)—fl(Z)—gllGn(w)H% fa(2)
+Gy(x) (@ — 2) + (v = Vfi(x) (z - 1Gy(z) - 2)
=fi(x) = (f1 + f2)(2) + Gy(@)" (z — 2) — *IIG ()13
+ (v = V(@) (x — nGy(z) - 2).

Rearranging the terms, we have

(1 + f2)(® = nGy(x)) + (f1 + f2)(®) Z(f1 + f2)(2) + gHGn(w)H% - Gy(@)" (- 2)
+fo(@) = (v = V(@) (x — nGy(@) - 2).
O

Theorem 2. Suppose that P is a convex set, function fi(x) is S-smooth, non-negative, monotone, and DR-
submodular on P, fa(x) is non-negative and concave on P. Let x* be the point that mazimizes f1(x) + fa(x).
Suppose that for some o > 0, the stochastic gradient v satisfies E|jv® — V f1(x®)||3 < o2 for all t, then
for allT >0, if we setyy =n=1/(8+ %\/ﬁ), and iterate as shown in (3) starting from x(©) € P, we have

E| max (fi+ fo)(x®)

t=0,1,2,....T
1 BA? oA
> *) I —

Proof of Theorem 2. Note that we assume the function f; to be the concave extension of the original function
d, i.e. fa(x) = —oc for all z ¢ P. Then we know that

) = prox_, g, (x® 4+ no®) e P,
which means that fo(2®*+9) >0, for all t = 1,2,...,T. Then in the previous lemma, let z = x* where z*

maximize f; + fo in the set P. We first consider the case when we have exact gradient v =V fl( ) and
we set gy =1n = %, and we have

(fr+ f) (@) + (i + o) (=)
>(fi 4+ £2)(@) + Gy @) ~ Gy (@) (@ — 2) + fo(a?)
>(fi+ f2)(@") + 2 Gy @)} = Gy (@) (2 — 27)
=+ 1(@)+ 5o (16 )T (1G (1) = 20+ 20°)
=+ 1)) + 5 (G ) =2+ 7| - 2 27| 3)
(i + @) + 5 (=) — |3~ [l — 2*[3)

2n
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Then we sum up the above inequalities and we get

T

((fl + f) (@) + (i + f2)(2?))

~
Il
=)

~
—

23 (e e+ g, (10 el 20 1) )

* * 1 *
=T(fr + f2) (") + %llwm — a3 - %Ilm(o) — a3
* 1 *
T(f1+ f2)(x") - %Hw(o) —z*[|3
1
T ) — —A%
(fr + f2)(z¥) oy
Then, we complete the proof by the fact that

T-1
1
(ONBS (t+1) ®
,_omax 7Th(x ) > 5 tgzo(h(m )+ h(z'Y)),

and we have

Then we prove the stochastic gradient case. We first have the following property [8]: For convex function ¢
and any x,y, we have

|[prox, (x) — prox,(y)|lz < ||z — yl[2.
From the previous lemma and the previous property, we take the expectation of v® and we can get
By (fi + f2) (@) + (f1 + f2) (@)
2(fi+ f2) (@) + gEvm 1Gy(@)]13 = By Gy ()T (@) —a7) + fo(x?)
— By (0 = V1) (@) — 3G, (@) —a7)
=(f1+ fo)(=") + gEvm 1Gy (@ )]13 = By Gy ()T (@) —27) + fo(z)
~Eo(v® = V()T (prox_,p, (@) + no®) — prox_, ¢, (@ + 9V f1(x)))
2(fi+ fo)(=") + gva 1G (D)5 = By Gy ()T (2D — %) + fo(a)
— By |[v® — V f1(2D)|]3
2(fi + )(@") + TEyio |G )] = Eyeo G2 (2 —27) — 0%
1
=(f1+ f2)(&") + %E'v(t) (G (D))" (G (ne™)) — 22 + 22%) — 0™
* 1 * *
(i f2)(@) + 5 By (G ) = 2@+~ 2 — 7)o
* 1 * *
=(f1 + f2)(z") + %Ev(t) (Hfﬂ(tﬂ) - ||% - Hw(t) - ||§> - 0271-

Then we take expectation through all the randomness and sum them up, we have

T—

,_.

E(f1 + f2)(@")) + E(f1 + f2)(z"))

t:O
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T-1
* 1 * *
> B ((h+ @) + 5 (12— a7 - lal” - o' [B) ) - o
t—=

1 1
=T(fi + f2)(®") + %EH-’B(T) -3 - %Hw(o) —a’[[3 = Ta*n

oA .
>T(f1 + f2)(x7) — %Ilw(o) —a*|[3 - Ton
* 1 2 2
2T(f1+f2)(m )—%A —To .

Then we plug in n = 1/(8 + V2T, we have

(t)
Etzoflll%ff“j(fl + f2)(z'")

2, gax  E(fi+ f2) (@)

t=0,1,2,...,
T-1
2% ;(E(fl + f2)(@ ) L E(f1 + f2)(2?))
>3+ ) = g (5080 + 7o)
1 . BAZ oA
Z§(f1 + f2)(x*) — T AT

B.2 Proofs of Lemma 3
The following lemma is the more detailed version of Lemma 3.

Lemma 13 (Detailed version of Lemma 3). If functions h,(x)’s are Ly-Lipschitz, then function jr(x) is
(v (R)nLy)-Lipschitz, and function g(x) is (n>Ly)-Lipschitz. If functions hy(x)’s are By,-smooth, then
function gr(x) is (VD (R)nBy + v®(R)nL2)-smooth. The gradient of function gr(x) is

Vir(@) =% > > Vhe(@) | ] -h)]|,
RERV'ER vER,vF£V!

and can be computed in time O} per |RI(14Th)) if we assume that the gradient of h,(x) can be generated
in time O(Ty,).

Proof of Lemma 13. First we have the following formula for the gradient of gz (x).

Vir(z) zvg > (1 - JJa- hv(w))>

RER vER
:% v (1 -JJa- hv(w))>
ReR vER
:% NN Vhe@) | [ Q- helz)
RERv'ER vER, £V’

Next we show that we can generate the exact gradient of gz (x) in O(}_ pcx | R|) time(assuming that generating
the gradient of h, needs O(1) time). First without loss of generality, we can assume that (1 — h,(x) # 0.
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Otherwise, if 1 — hy(z) = 0 and u € R, then [],cp ., (1 — hu(x)) = 0, and the problem is simpler. Then
we can compute [, (1 — ho(x)) in O(|R|) time and then compute [],cg 0 (1 — ho(x)) in O(1) time.

Then computing ) . p Vhy () (HUGRW?&U,(I — hy (a:))) needs another O(|R|T},) time, and the total time
complexity to compute the gradient Vjr (x) is O3 e |RI(14T1)). Then we compute the gradient of g(x).

Vg(z) = o(S) (Z Vahuw (x) ( 11 hu(z)) (H(l - hv<sc))>

SCV u'es u€S,uFu’ vgS
= > Vahy (@ (Hh )( 11 (l—hu(w))))
v' ¢S u€sS v S, v#£v’
-y [ 5 o(s) ( Il hu«c)) G R
w eV | Siuw'eS u€S,u#u’ vgS
T:w'¢T ueT v T vF#u’
= fu(x)Vh
u' eV

where f,/(x) is defined as

ful®):= ) U(S)( 1T hu(w)) (H(l—hu(w))>

S:wu'eSs u€S,u#u’ vgS
T:w'¢T u€T vg T v#u’

We know that
‘fu’( |

= Y of ( ho(z ) <H (1-h - > a(T)(H hu(m>) ( 11 (1—hv(w>>>‘
S:wu'es u€eS,uFtu’ vgS T:w'¢T ueT vg T v#u’

<> o ( )( + D a(T)(H m(@)( 11 <1—hv(w>>)’
S:wu'es ue S, uFtu’ vgS T:uw'¢T ueT v T, v#£u’

Sy, ( ) ( LY, (H hu<m>> ( 11 <1—hv<m>>)
S:wu'es u€eS,uFtu’ vgS T:w'¢T ueT v T, vA£u’

<n > ( 11 hu(sc)) (H(l—hv(w)))+n 3 <H hu(w>>( I1 (1—hv(w>))

Sw'eS \ueS,u#u’ v¢S Tww'¢T \ueT v T, v#u’
o () + 11 — ha ()
=n.
Then we have

IVg@)llz =l ) fule )2

u' eV
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<D fw@)] - [Vhe (@)]]2

u' eV

§ZnLh

%
STLQL}L.
Then we know that g(z) is 2n?L,-Lipschitz. We also have

DIDY vmw)( II <1—hv<w>>)

ReERV'ER vER,v#£V!

IVr ()2 =

2

g% SNy |th/(w)||2( II (1—hv(w)))

RERV'ER vER,v#£V!
<vM(R)nLy,.

So the function g (z) is also n?Lj-Lipschitz. Then we show the smoothness of the function gr (). We have

IVir(2) = Vir(y)ll2

IS th/(w)( I1 (1hv(w>)) P> vzw(y)( 11 (1hv<y>))

RERV'ER vER,v#£V! RER V' ER vER,vF£V!

2

SPIDS

vm/(m( 11 (1hv<m)))vm/<y)( 11 (1hv<y>))

ReER V' ER vER,vF£V! vER,vF£V! 2
n
:5 Z Z th’ (.’B) ( H (1 - hv(m))) - th’ (y) ( H (1 - hv(m)))
ReER V' ER vER,vF£V! vER,vF£V!

2

+ Vi (y) ( H (1 - hv(m))) - th/(y) ( H (1 - hv(y)))

vER,vF£V! vER,v#V!

SIS

Vhy (.’13) ( H (1 - hw(m))) = Vhy (y) ( H (1 - hv(m)))

RER V' ER vER,v#£V! vER, vF£V! 2
A
n
5 Y Ve | T G-m@) | -Vhew) | T @ -h@)
RERV'ER vER,vF£V! vER,vF£V! 2

For term A, we have

A:%ZZ 11 (1—hv(a:))’~|th/(:c)—th'(?J)|2

ReR v eER' vER,v#V’

<5 2 Y Bl =yl

ReR vV ER
< (R)nl|z — ylla,
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where we use the assumption that h,(x) is S,-smooth. As for the term B, we first have

I A h@) - ] <1—hy<y>>\

veR\{v'}={v1,...,v|r|—1} veR\{v'}
|R|—2
= H (1 - hv(x)) - H (1 — hy, (w)) : (1 - hU|R|71(y)
veER\{v'} =1
|R|—2 |R|-3 |R|—1
+ T =t @) - (0=t () = ] Q= b, @) J] (1= o, (@)
i=1 i=1 j=|R|-2
IR|—1
st l=m@) [[a-no- [T 0-n)
i=2 veR\{v'}
|R|—1
<3 = b (@) — 1+ b ()]

<|R|Ln[|z — yl|2,

where the last inequality comes from the Lj-lipschitz property of the function h,(x). Then we have

RS 11 (-t - [ = mw)|- IVh .

RERv'ER veR\{v}={v1,...vin 1} vER\{v'}
n
<5 > > BILillz —yll2 - IVh ()]le
RER V' ER

<V (R)nLi ||z — yll2.

Then we know that the function is (v (R)n8y, + v®)(R)nL3)-smooth. O

B.3 Proof of Lemma 4

Lemma 4. When c(z) = ||z||y and D = R, the proximal step can be done in time O(dlogd). When
c(x) = ||z||2 and D = R%, the prozimal step can be done in O(d).

Proof of Lemma /. First, it is easy to know that if ¢(z) = ||z||2 and D = R%, then the proximal step can be
finished in time O(d). In this case, the set P is defined as P = {x| ||z||2 < k,x = 0}, and proximal step is
defined as . )
prox_,, (z) := argmin —ns(y) + [l@ - y||* = argminpAlly[l2 + 5[z - y[*
yeP yeP

It is obvious that y should lies in the line generated by 0 and x, and we can solve for y by using the basic
technique for solving optimal value of a uni-variate quadratic function.

Then we show that how to do the proximal step when c(x) = ||z||; and D = R%. In this case, we know
that P = {x| ||z||1 < k,x = 0}, and we want to find y € P to minimize

. 1 . 1

prox_, (x) := argmin —ns(y) + = ||z — y||* = argminnAl|y||1 + S ||z — y||*.

2 2
yeP yeP

We use n/ = - X for convenience. The proximal step can also be written as minimizing
. 1
min n’Zyi—i— 52(% —ui)>.
3

yi>0,) " yi<k 7
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First, we have y; < max{z; — n’,0} for all i. If not, suppose y; > max{x; — 1,0}, then we let y; =
max{z; —7’,0}. The new solution has smaller value and is also feasible.

Then we also have the following property: if y is optimal, then for any ¢ # j, if y;,y; # 0, then we have
x; — Y = xj —y;. Suppose that z; —y; > x; — y;, then let € be sufficiently small. Let y; = y; + ¢ and
y; =y, — €, the new solution also lies in set P, but the function value of 7' >, y; + %ZZ(% — y;)? become
smaller.

We also have: suppose ¥ is optimal, then if x; > x;. If y; = 0, then y; = 0. Otherwise, suppose y; = 0 but
y; > 0. We can pick sufficiently small € and let y; = y; + ¢ and yg = y; — €. The function value will decrease
but the new solution is also feasible.

We also have: suppose y is optimal, then if y; = 0, then for any j such that y; # 0, x; —y; > =; — v;.
Otherwise, we can find sufficiently small € and let y} = y; + ¢, y§ =y, — €. The function value will decrease
and the new solution is feasible.

Given the previous properties, we have the following structure of optimal value y. Suppose that {(7)} is a
permutation of [d] such that z(;) < x5y < -+ < x(g), then there exists ig € [d] such that y;) = 0 for all 7 < i,
and 0 < Y() < Ty — X for all i > 4. Besides, for all 7, j > 7y, we have Ty —YE) = T) —YG) > T(io) — Y(io)-
We also have one of the following: For all 4, y; = max{x; — 1, 0}; otherwise, ). y; = k. Then, there is only
one ig that satisfy this the previous structure, and we show that we can use O(dlogd) time to find ig. We
first use O(dlogd) time to sort z; and get x(;). We first let y; = max{z; —n’,0} and we test if ), y; < k. If
yes, then y is the optimal solution. Otherwise, we know that ). y; = k. We binary search for (i), and we
use i1 to denote the binary search variable. Each time we set y(;) = 0 for all j < i1, and we set y(;) such that
x(j) — Y(;) are the same for all j > i; and >, y; = k. Then we test if z(q) — y(a) > 2@,) — Ya,), and ygy >0
for all j > 4;. If both are yes, then iy is i1 and y is the optimal solution. If there exists j > i1 such that
Y¢j) < 0, then iy should be larger. If x(4) — y4) < ®@i,) — Y(,), then iy should be smaller. Each test needs
time O(d), and there are at most O(log d) binary search step, so the total complexity is O(dlogd). O

B.4 Proof of Lemma 5

Lemma 5. In the case of independent strategy activation, suppose that gr + s is Lgis-Lipschitz. If we use
projected subgradient descent to optimize the function (gr + s)(x) with step size n, = ﬁ and let y denote
g+s

the output where (gr + 5)(y) = maxgep(gr +s)(x) —e. Then (Gr+5)(y) = (1 — 1) maxgep(gr +5)(x) —¢,

(AL§+3)2

4 iterations.

and y can be solved in

Proof of Lemma 5. First, we optimize the function (gr + s)(x) in the set P. First, it is easy to know that the
function (gr + s)(x) is concave, since first we know that s(x) is concave, g, j(x) are concave for all v, j, the
constant 1 is also concave. Then because addition of 2 concave function is also concave, and the point-wise
minimum of 2 concave function is also concave, so the function (gr + s)(x) is concave. Then since we assume

that the function (gr + s)(x) is Lj+s-Lipschitz, by the projected subgradient descent, in O (%) iteration,
we can get a solution y such that (gr + s)(y) > maxzep(gr + $)(x) — e. Then we show that

From Proposition 1, we can know that

(1- 1) n(@) < i) < gr(@) v < P,

and because s(x) is non-negative on set P, we have

(1 _ 1) (gr +9)(¥) < (9= + )W) < (Gr +)(¥)-
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Then we have

B.5 Proof of Lemma 6
The following lemma is a more detailed version of Lemma 6.

Lemma 14 (Detailed version of Lemma 6). Suppose that functions g, j(x;)’s are Lq-Lipschitz, then function
g(x) is n>V/dL,-Lipschitz, and functions gr(x) and gr(x) are v (R)nvdL,-Lipschitz. The subgradient of
the function gr(x) is

Ogr (x Zamln 1, Z qv,j(x5)

RER j€ld],veR
0,4 Y, auilz)>1

. 2 Z jE[d],veR
= Z Vau,(x;), if Z Qo,j(zj) <1

vER,jE[d] jE[d],veER

and can be computed in time O(Ty) if we assume that the gradient and function value of gy j(x) can be
generated in time O per |[RI(1+Ty)).

Proof of Lemma 14. First recall that h,(x) =1 —J[;¢(q(1 — qu,j(z;)). Then since g, ;(w) is Lq-Lipschitz, it
can be easily shown that h,(x) is L,]\/&—Lipschitz7 since

ho(@) — ho(y)| =]1— 10— a1+ ] <1—qv,j<mj>>]

J€ld] JE€ld]
d d
H QU] Z‘] Q’U,] yl H QU,] 3?] ‘
j=1 Jj=2
d 2 d
Jr‘ — v, (y1) H — 0,5 (y5)) H — qv,5(Y;) H — quj (%) ‘
d—1 d
+- H(l — v, () - (1 = qu,j(za)) H = qu,;(y;) '
j=1 J=1

d
Z Go.3(25) = v (y;)]

q~||w—y\|1
<LgVdl|x — yll2.
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Then from the previous lemma (Lemma 13), we can see that g(z) is n?v/dL,-Lipschitz and g (x) is all
v (R)nv/dL,-Lipschitz. We also have

gr(x) — gr (Y SQZ‘HHH CY L qui(ay) p—mind L Y g, 5(y)) ‘

RER jE[d],veR jEd],veER
n
ng AR 1CT) D S A 1(7))

ReR ' jeld],veR jE[d],veER

<22 > () — guywy)

ReR je[d],veER

S%Z > Lylz — vyl

RER je[d],veR

<5 2 O Lille —ylh

RER veR
<vW(R)nLyVd|x — yll2.

As for the subgradient of gz («) and the time complexity to generate the subgradient, it is trivial. Note that
in the time complexity ), |R[(1 4 T}), the constant 1 is used for basic operations. O

C Omitted Proofs for Time Complexity (Theorem 5)

In this section, we present our time complexity results for ProxGrad-RIS and UpperGrad-RIS. We divide this
section into 2 parts. In the first part, we show the time complexity of ProxGrad-RIS and UpperGrad-RIS in a
general form (Theorem 6 and 7), and then Theorem 5 will become a corollary. However, the time complexity
bound in Theorem 6 and 7 is too conservative and cannot reflect the empirical running time in experiments.
In order to close this gap, we give time complexity bounds based on the moments of RR-set size in the
second part. Then we will give some statistics of the moments of RR-set size in the section describing our
experiments.

C.1 Proof of Theorem 5

In this subsection, we prove Theorem 5. We actually prove the full version of the running times for the
two algorithms in Theorems 6 and 7. Our proof follows from the original proof of the time complexity of
IMM algorithm. First, we have to show a lemma(Lemma 15), which states that in Algorithm 2, with high
probability, we output LB does not differ so much from the optimal value OPT,,. For convenience, all the
notations follow from Algorithm 2. We use OPT g, s = (g9 + s)(x} ) to denote the maximum value of (g + s)
in set P.

Lemma 15. For everyi = 1,2,.. Llogz(n +Ak)| =1, if OPT s > (1+¢/3+€")? a;/(a — ¢/3), then
with probability at least 1 — (gR +5)(y;) > (0« —€¢/3)OPTyis/(1+¢/3+¢€") and

2t N (P, i/jxl) log, (n+Xk)’
(Or, +5)(y;) > 1 +¢/3+¢)a;.

Proof. First we know that (gr, + s)(y;) > (o — £/3) maxyep(gr, + s)(y). For any R, let XF(z) =
1 —[Tyer, (1 = ho(z)) where R = {Ry, Ry, ..., Ry}, then XF(x) € [0,1] and gr(z) = % Z'L:l XR(x). We
also know that X*(zx) are independent. By Chernoff Bound(Proposition 2), we have
Pr{(gr, + s)(y;) < (@ —£/3)OPTy /(1 + /3 + &)}
<Pr{(a - e/3)max(gr, +5)(y) < (@ —¢/3)0PTgss/(1+e/3 + €}
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=Pr{max(4r, + 5)(y) < OPTy1s/(1+¢/3+¢)}

<Pr{(gr, + s)(xy,) < OPTyis/(1+¢/3+¢)}
=Pr{gr, (z54,) < OPTyis/(1+¢e/3+¢€") —s(zy, )}

n *
ZXR (@54:) g < OPTyes/(1+2/34) = s(wp,.)

Jj=
0;

1
'Rl 6 *
X] i) < OPT9+5/(1+5/3+5) (@)

0;
0i . 0; 0 . 0 . .
ZX?1 g+s - 7g(wg+s) S gOPT9+S/(1 + 6/3 + 5/) - gg(wngs) - gs(wg+s)

Py

0;

j=1
ZOPT, 4 s
( 1+5/3+€) g+)

(1+e/3+¢€)? xien- (2+2¢) - (ln]\/’( ,EL/?).TZ) +/{¢Inn +1n2 + Inlog, (n+)\k))

< _
=P 2(a—¢/3)(1 +£/3 + ¢/ )2ne’2a;

< — .
20t - N(P, Lx,) - logy (n + Ak)

Combined with the assumption that OPTyy, > (1+¢/3 4+ €)% - 2;/(a — £/3), we have: if (Gr, + 5)(y;) >
(a —e/3)OPTy4s/(1 +¢/3+¢€'), then

(G, +5)(4:) 2 (a—e/3)OPTyus/(14e/3+e") 2 /§/+ F(L+e/3+€) 2i/(a—e/3) = (L+e/3 4
O

Then, with the previous high probability lemma, we can upper bound E[#(") + 02 16, ], where i,.cs
denote the index of Algorithm 2 that break from the for-loop. We use L1, Lo to denote the Lipschitz constant
of the function (¢ + s) and the function (gz, + s).

Lemma 16. Let i..; denote the index of Algorithm 2 that break from the for-loop. If we have n+ Mk = O(n?),

then
n-Iln (ne./\/'( IorL; LB))
o
Tet] 52 OPTgJ,_S

E[0M + 6P 10,
Proof. Let x,.+ denote the value x;, ,, when Algorithm 2 break from the for-loop. We first prove that,
1 1 n+Ak
E oY et
Tret OPTgJ,-s

Let i denote the smallest index such that OPT s > (1 +¢/3 +¢')? - x;/(a — €). From the previous
lemma(Lemma 15), we know that with probability at least 1 — 1 we have

2nt- N (P, = 5 z;)-log, (n+Ak)’
(IR, +8)(y;) = (L +¢/3+ )i,

so the algorithm will break from for-loop and z,.; > x;. Let A denote the event that (jr, + s)(y;) >
(I1+¢/34+¢€")z;. Let X = %pt and we have

E[X] = E[X|A] Pr[A] + E[X|~A] Pr[~A].
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We know that E[X|A] = O (OP%W) and Pr[A] < 1. We also know that E[X|-A] < 1 since z; > 1. Then
PrinAl < 7 -9 (M> ’
2n’ - N(P, L ;) - logy (n + Ak) n‘OPTgy

where we use the fact that g(x) < n and s(x) = A(k — ¢(x)) < Ak. Then we have
1 1 n+Ak
E _o[E oL ).
Tret OPTQ+S OPTQ+S

n-(2+ %) - (lnN(P, %xl) +/¢Inn +1n2+ Inlog, (n—i—/\kz))

Recall that

0; = 2, ’
and ,
/ . . Z € 3
o) _ Sn-1n (4ne) @ _ 20/ -n-1n (4n N(P, I LB))
LB (a —¢/3)2e2/9’ (/3 — L(a—¢/3)%¢/3)°LB

We know that LB > x,..;, so we have

n-1n (nZN(P, Lff’b LB)) o n-In (né/\/'(P, ﬁLB))

E[OM +6@) +9, 1=
107+ 0. ]=0 €2/90PT 4 e20PT 4

O

The above lemma is the main lemma for the time complexity of Algorithm 1. Next, we show some
existing propositions and lemmas, which will help to prove the time complexity. The following lemmas and
assumptions comes from [23], and we use the lemmas and assumptions to prove Theorem 6 and 7.

Definition 4 (Martingale). A series of random wvariables X1, Xo,... is a martingale, if for all i > 1,
EHXZH < 400 and ]E[Xi+1|X17 ey XZ] =X;.

Lemma 17 (Sufficient Condition for Martingale). Suppose X1, Xs,...,X; are t random variables on [0,1],
which satisfy that there exists a constant p, E[X;|X1,...,X;-1] = p for alli € [t]. Let Z; = Z}:l(Xj — ),
then Zy,Zs, ..., Z; is a martingale.

Proposition 4 (Stopping Time of Martingale). Let random variable T denote the stopping time of a
martingale {X; }i>1. If there is a constant c that is independent to {X;}i>1 and 7 < ¢, then E[X;] = E[X;].

Besides, we have the following assumptions.
Assumption 1. In the triggering model, the time complexity to sample a triggering set T, for any v is
O(|N—(v)|), where N~ (v) is the set of in-neighbors of node v.
Assumption 2. We assume that maxzep g(x) > max,cy o(v), where o(v) denote the influence spread of
node v. Besides, we have OPTgys > max,cy o(v).

Given a set R C V, let w(R) denote the sum of in-degree of nodes in R. Based on Assumption 1, we know
that generating a RR-set needs time O(w(R) + 1). Next, we use EPT = E[w(R)] to denote the expectation of
w(R), and we have the following lemma, which also comes from [23].

Lemma 18.

EPT = E[w(R)] =

m
n

Eglo(@)],

where o(¥) denote the influence spread of node .
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With the help of the previous lemma and proposition, we can prove Theorem 6 and Theorem 7, and their
corresponding corollaries.

Theorem 6. Under Assumption 1 and Assumption 2. Suppose that the proximal step can be finished in time
Tpros,- Besides, suppose that c(x) is L.-Lipschitz and B.-smooth, h,(x) are Ly-Lipschitz and Bj-smooth
for all v, and the gradient of h,(x) and c(x) can be generated in time Ty, and T,. We also assume that the
balance variable X is also a constant and n + Mk < n'. Then the expected running time of Algorithm 1 with
proximal gradient descent oracle is bounded by

Brn? + Lan? (m+n)-In (nZN(P’ m»

@) 5 (1+1T5) = + logy(n + Ak)T,
. logy(n + M) (Bun® + LinS)Tpm>
! .

Proof of Theorem 6. Let i,..; denote the index where Algorithm 2 break from the for-loop. First, note that
in the sampling procedure, Algorithm 2 generate at most 26;,_, + 6 number of RR-sets, which is bounded by
O™ 4603 +0; ). We use 7 = 26, _, + 0 to denote the number of RR-sets. By Assumption 1, generating
such number of RR-sets needs time O(3"7_, (w(R;) +1)). Let W; = 370 (w(R;) — EPT) fori =1,...,7.
Because the procedure to generate R; is independent to the procedure that generates R,,..., R;j_1, we have
Elw(R;)|w(R1),...,w(R;j—1)] = E[w(R;)] = EPT. From Lemma 17, we know that {W;},<; is a martingale,
and 7 is a stopping time. Obviously, 7 has an upper bound, which can be derived by setting x,.; = 1 and
LB = 1. Then by the stopping time theorem(Proposition 4), the time complexity for generating RR-sets is
O(E[Y]_, (w(R;)+1)]) = O(EB[W,]+E[r-(EPT+1)]) = OE[ID+6P +6; _,]-(EPT+1)) = O(E[r]-(EPT+1)).

Then, we count the total time complexity for calling the proximal gradient oracle. Each time we use

the proximal gradient to optimize gr, + s or gr + s, we will use O (5%) or O (EfB) number of iterations,

where [ is the smoothness constant for g, and ggr. We can lower bound z; and OB by 1, and by Lemma 13,
we have gr, and gr are all (B,n? + Lin?’)—smooth. So each time the number of iteration is upper bounded

2 2 3
by N =0 (M) Each time we need a proximal step, so the total proximal step time complexity

2 2,3
is bounded by O (logz(”“\k)(ﬁh: +Lyn )Tpmz) Then we consider the time complexity that generate the

gradient. By Lemma 13, the time complexity of generating gradient is O(} e, [RI(1 + Th) + Te) or
O(X_rer |RI(1 4 Ty) + T,), then the total time complexity for generating gradient is bounded by

O(N-(2 Y [RI(A+Tw)+ > |RI(1+Th)+logy(n + Ak)T.
RER ReR

iret
By the martingale stopping time theorem(Proposition 4), we know that

E2 ) IR+ ) |RI=E[] E[Ril],

RER RER

lret

and |R;| < w(Ry) + 1 since each RR-set is weak connected. Then we have

E2 > R+ Y[R <E[r] (EPT +1),
RER;, ., RER

and the total expected time complexity of generating gradient is bounded by

O (N - (1 + T,)(EPT + 1)E[7] + logy(n + Me)T,)) .
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Then the total expected time complexity is bounded by(the time to generate RR-set is far less than the time
to generate all of the gradient)

0 <Bhn2 + Lin3

. (1 + TR)(EPT + DE[7] + logy(n + Ak)TL)

N logy(n + Ak)(Brn? + L,zln?’)Tpmz>
5 .

By Assumption 2, Lemma 13, Lemma 16 and Lemma 18, we have

n-In (nw(P, e )LB)
g2 OPTg+s

(EPT + 1)E[r] =O (% Es[o(9)] + 1)
(m+n)-In (né./\/'(P, m))

<O
< -2

The total time complexity is bounded by(let Tj, and T, be constants)

e (4 (NP )

0 . (14 Th) = + logy(n + AE)T,
N log, (n + Ak)(Brn? + Lfbn?’)Tprox)
. )

O

Theorem 7. Under Assumption 1 and Assumption 2. Suppose that the projection step can be finished in
time Tproj,. Besides, suppose that c¢(x) is L.-Lipschitz and B.-smooth, q, j(x;) are Lq-Lipschitz for all v, j,
and the gradient and function value of g, (z;) and c(x) can be generated in time T, and T.(L¢, Ly, Be, Ty, Tt
are all constants). We also assume that the balance variable \ is also a constant and n + \k < n'. Then the
expected running time of Algorithm 1 with proximal gradient descent oracle is bounded by

(m+n)-In (ne./\/(P

£2

(n?VdL, + \L.)? . ’ 2n2\/EL€q+,\2LC )>

£2

(14 Ty)

+ logy(n + Ak)T,

(n?VdL, + AL.)? logy(n + Ak) Tproj

+ 2 .

Proof of Theorem 7. The proof of this theorem is almost the same as the previous one. We only have to
2 2. 3 2 2

change the iteration step from O (M) to O (M) and the Lipschitz constant for gz and

€

g from n2Ly, to n?VdL,. O

The above 2 theorems are the main theorem of the the time complexity. First, we have the fact that when
c(x) = ||z||]1 or c(x) = ||x||2, then proximal step and the projection step can all be finished in time O(d), and
the time to generate the function value and gradient of ¢(x) is also O(d). Besides, as shown in [25], we know
that the covering number N'(P,e) < N (By(k),e) < N (Ba(k),e) < (3k/e)?. Then since |||, > ||z||, we
have By (k) C By(k), and N'(By(k),e) < (3k/e)*. We can directly get the time complexity bounds in Theorem
5. N(P,e) < N(By(k),e) < N(By(k),e) < (3k/e)®. Then since ||z||; > ||&2||, we have By (k) C By(k), and
N(By(k), ) < (3k/e)®. We can directly get the time complexity bounds in Theorem 5.
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C.2 Time Complexity Bound Based on the Moments of RR Set Size

In this subsection, we give the proof of our time complexity bounds based on the moments of the size of the
RR-sets and the optimal value OPT ., for ProxGrad-RIS and UpperGrad-RIS. We use v!), v and v to
denote the first, second and third moments of the mean size of a random generated RR-set. Formally, we have

v =Eg[|R|], v® = Eg[R*], v® =Eg[RP].

Given the time complexity theorem in Theorem 8 and 9 and some statistics for the variable v, v p(3)]
we can know why in experiments, ProxGrad-RIS and UpperGrad-RIS do not make so much difference with the
heuristic greedy algorithm in terms of the running time.

To derive the time complexity bounds based on the moments of the size of RR-sets, we need to slightly
revise our sampling algorithm. In Algorithm 2, we use the previous generated RR-sets and only generate
0; — 0;—1 RR-sets in round ¢ (line 6 of Algorithm 2). However, in this subsection, we assume that we generate
6; RR-sets in round ¢ and we do not use the previous generated RR-sets. This is because we need to use the
martingale stopping time for each round, and to construct a martingale, we need the empirical moments
v (R,), v@(R;), 3 (R;) to be independent to R; for all j < i. The following theorem summarizes the
time complexity of ProxGrad-RIS with the above resampling of RR sets adjustment.

Theorem 8. Under Assumption 1 and Assumption 2. Suppose that the proximal step can be finished in time
Tprow,- Besides, suppose that c(x) is L.-Lipschitz and B.-smooth, h,(x) are Ly-Lipschitz and Bp,-smooth for
all v, and the gradient of h,(x) and c(x) can be generated in time Ty, and T,. We also assume that the balance
variable \ is also a constant and n + Ak < n'. Then the expected running time of ProxGrad-RIS (revised by
resampling of RR sets in each sampling iteration) is bounded by

n2(v@ By, + v L2)In (nww

£
’ zn,z\/ELq+,\2Lc)) (
g3 OPTg_;'_S

)

1+41Tp)

(m+mn)-In (nZN(P

2

g+ VO m)>

" ogy(n + Me) (T + Tproz) +

Proof of Theorem 8. The first part is to compute the expected time to generate the RR-sets. This part is
similar to the same part in the proof of Theorem 6 and 7. Let i,..; denote the index where Algorithm 2 break
from the for-loop, and we know that Algorithm 2 generate at most 26;,_, + § number of RR-sets, which is
bounded by O(0™) + 63 +6; ). We use 7 = 26 _, + 0 to denote the number of RR-sets. By Assumption
1, generating such number of RR-sets needs time O(Z]T.:l(w(Rj) +1)). Let W; = Z;Zl(w(Rj) — EPT)
for i = 1,...,7. Because the procedure to generate R; is independent to the procedure that generates
Ry,...,R;_1, we have E[w(R;)w(R1),...,w(R;—1)] = E[w(R;)] = EPT. From Lemma 17, we know that
{W.}i<+ is a martingale, and 7 is a stopping time. Obviously, 7 has an upper bound, which can be
derived by setting 2. = 1 and LB = 1. Then by the stopping time theorem(Proposition 4), the expected
time complexity for generating RR-sets is O(E[>__,(w(R;) + 1)]) = O(E[W,] + E[r - (EPT + 1)]) =
OE[OM +6P) 16, ,]- (EPT + 1)) = O(E[r] - (EPT +1)). Based on Assumeption 1 and 2 and Lemma 16
and 18, we know that

n-ln (nZN(P, ﬁLB)) . (m

O(E[7] - (EPT + 1)) =0 OPT_ = Eslo(8)] + 1)

(m+n)-In (nW(p

e2

[
-0 > 2n2v/dL,+A2L. ))

Then we count the time to generate the gradients and the proximal steps. In round 4, Algorithm 2
will use the RR-sets R; with |R;| = ;. In ProxGrad-RIS, in the i-th round, the algorithm iterates for
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W(R, ) (RN L2
O~ (Ri)nfntv (R")"L’”) times. Then, the total time to generate the gradient and to complete the proximal

£
steps in round ¢ are bounded by

; <V<1><Ri)nﬂh + V@ (Ri)nLj, ( > IR +T0) + T))

13
RER;

~0 (V(”mi)nﬁh + V2 (Ri)nLj
9

@w“%R»ﬂ**ﬂ)+TQ)
@)(R. ) (R L2 (R, @) (R L2
<0 (1/ (Ri)nBr + v (Ri)n ho,(1+Th) + v W(Ri)nBr + v 3 (Ri)n th) ’

3 9

where the last line comes from the fact that () (R;)? < v (R;) and vV (R;)v P (R;) < v (R;). v (R;)? <
v?)(R;) comes directly from the Cauchy-Schwatz inequality, and v (R;)v?(R;) < v®(R;) comes from
the fact that for any a,b > 0, we have a® +b> > ab? 4+ a%b. Then we sum up all of them from i = 1 t0 i = 4,.¢;
and bound the expectation. We want to bound

o) (]E Zif v® (Ri)nbn 4; v®)(R;)nL? 0;(1+Tp) + v (Ri)n B 4; v (R;)nL3 T, ) .
=1

First note that the second part is easy to compute, and it is just bounded by

0 (V(l)nﬂh i v@nl? log,

(n+ )\k)TC) :

since we know that i,.; < log,(n + Ak). Then we bound the first term. For convenience, we use the following
notations
@(R. G (RANL2 (2) BInr2
v nPn + v (R;)nL vnfBy +1v¥nL
( z) Bn B ( 1) hﬁi(1+Th), Z; = Bn . hﬁi(1+Th).

It is easy to show that EY; = Z;, and let W; = Zgzl(Yi — Z;). We will show that W, is a martingale.
This is due to the fact that since we generate new RR-sets in each round, and each RR-set is independent to
others, then Y; — Z; is independent to all of the information before round %, then W; is a martingale. Also
notice that i, is a stopping time, since we only decide if the sampling procedure will stop based on the
previous information. By the Martingale Stopping Time theorem(Proposition 4), we have

Y;»:

iret

B> (Yi=Z) = ENi = Z1JEfire] = 0.

Then we only have to bound O(E Z;_f Z;). We have the following

lret

iret | (2) (B2 (@) GIpL?
S 7= 3L Yt O gy OO,
i=1 i=1 ¢ €

Similarly, the total time to generate the gradient and to complete the proximal steps which are not
counted in the sampling procedure(Algorithm 2) are bounded by

; <y<z> (R)nBy + v® (R)nL? L VRIS + v (R)nLf . )
€ € v

ho(1 + 1)

Taking the expectation, because we generate the RR-sets independently and thus v@(R), v (R) are
independent to 8, we have the following bound for the expected time
o (V(Q)nﬂh +v@nL? vWnpgy, +v@nL? T )

= hEG)(1 4 Th,) + .
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Then from Lemma 16, we have

(2) (3),, 72 ~ n?(W gy, + v L2) In (n'N(P
v A VL g, 4 G)(14 Th) < (

£
? 2n2V/dL,+A2L, )) (
€ e30PT gy

14+ Th).

Also, it is easy to show that the expected time for proximal steps is bounded by

vWngy, +v@nL? log,

(n 4+ k) Tproz,

since the algorithm applies the proximal steps in each iteration, which is the same as calling the gradient of
function c¢(x).

Combining all of them together(generating gradient, proximal steps, generating RR-sets), we know that
the expected time complexity is

n?(v gy, + v L2)In (neN(P

’ 2n2\/EL€q+A2LC)) (
€SOPTg+s

@)

1+Ty)

b 10g2 (n + )‘k) (TC + Tpro:p) +

+V(1)nﬁh C (m+n)-In (NZN(R m»
€ g2

O

We remark that, when comparing Theorem 8 with Theorem 6, if we do the following relaxations for the
corresponding terms in the bound of Theorem 8: v(2) < v .p B <M. p2 ) < p and v?) < n?,
together with v(1)/OPT44s < m/n (Lemma 18), then we will have the bound given in Theorem 6. This
indicates how loose is the bounds we give in Theorem 5 in the main text. In our experiments (Section ??),
we will demonstrate how much this relaxation is numerically in our dataset.

The following theorem summarizes our result for the UpperGrad-RIS algorithm, revised with the resampling

of RR sets in each iteration step as described before.

Theorem 9. Under Assumption 1 and Assumption 2. Suppose that the projection step can be finished in
time Tpro;,. Besides, suppose that c(x) is L.-Lipschitz and B.-smooth, q, ;j(x;) are L,-Lipschitz for all v, j,
and the gradient and function value of g, (x;) and c(x) can be generated in time Ty, and T.(L¢, Ly, Be, Ty, Te
are all constants). We also assume that the balance variable X is also a constant and n + Nk < n'. Then
the expected running time of UpperGrad-RIS (revised by resampling of RR sets in each sampling iteration) is
bounded by

n(n2dy® L2 + 22nV/dv) L, L, + \2L2) In (nW(P
54 OPT9+5

€
7 2n2v/dLg+2L, )> (

O 1+ Th)

(n2dv® L2 + 22/ dvP L, L. + \2L?)
- ‘ — logy (1 -+ M) (T2 + Throg)

) (m+mn)-In (neN(P

2

S-S
i ? 2n2VdLg+22L, ))

3

Proof of Theorem 9. The proof of this theorem is almost the same as the previous one. We only have
&) @) 2 &) 2
to change the iteration step from O (V (R)nbntv (R)nLh') to O ((” (R)"\/QEL“H‘LC) ) and the Lipschitz

S €

constant for gr and g from n?Ly, to n?VdL,. O
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D Properties of the Original Function g(x)

In this section, we discuss the properties of the original function g(x). We will compute the gradient of g(x)
and show how to compute the stochastic gradient of g(x). Then we give upper bounds for the smoothness

constant of the function g(x) and the variance of the stochastic gradient estimator %(w) in terms of its

L2-norm difference with the true gradient, defined as Var = E|| \%(aj) — Vg(z)||3]. These bounds would lead
to our settings of the step size and number of iterations for the stochastic gradient method on the original
objective function g(x).

The following lemma provides the exact gradient formula for g(x).

Lemma 19. The gradient of function g(x) can be written as:

Voie) = X | 3 etsu) o) (o) | TT 0-ni) ) vhuto

uw' eV | S:u'¢S u€S vgSU{u’}

Proof. We first recall the expression of the function g(x),

g(x) =Es[o(S)] = ) (U(S) (H hu(w)> (H(l - hv(w)))> :

scv ues vgS
The gradient of g(x) is given as follow

o35 (1) (10

e (M) (T o)
oo (o (LI weo) (M0 -veo)
= %:S Vho (ues ) (Uggﬁu — hv(m))) ) :

We then rearrange the gradient term, we have

Vg(x) = [Z a(S)( 11 hu<m>) <H(1—hu(m))> Vhy ()

u' eV | Siwuw'eS ueS, uFu’ vgS

T:uw'¢T ueT v T v#u’

— Z fu’ (Lli)vhu’ (CE),

u' €V
where f,/(x) is defined as

ful@):= Y (o(Su{u'}) <Hh ) I[I a-h)]. (8)

S¢S u€esS vgSU{u’}

S a<T><Hhu<m>)( 10 u—m(m»)-m«m)
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Lemma 19 provides the exact gradient formula for g(x), but it involves an exponentially large number of
summation terms and cannot be efficiently computed. Instead, we use Lemma 19 to define a simple stochastic
gradient estimator Vg(x) as the unbiased estimator of Vg(x).

Definition 5 (Stochastic Gradient Estimator). For any vector x € D, we construct a stochastic gradient

estimator @(w) as follows: First, we same a node u' € V' uniformly at random from V. Then, we sample a
subset S CV\ {u'} according to hy(x) for u e V \ {u'}, more specifically, for each u € V \ {u'}, we include
w in S with probability h,(x) and exclude u from S with probability 1 — hy(x), and different u’s are sampled
independently. Next we sample a live-edge graph L based on the triggering model, and compute the marginal
gain of v’ on S in graph L, denoted o, (v'|S), which is the number of nodes in L that can be reached from u'

but not from S. Finally, we set %(w) =n-or(W|S)Vhy (x).

It is straightforward to see that Vg(z) is an unbiased estimator of Vg(x), i.e. E[Vg(z)] = Vg(z).
The next lemma provides the bounds on the smoothness of g(x) and the variance of its stochastic gradient
estimator defined above.

Lemma 20. Assuming that the function h,(x) is Ly-Lipschitz and By -smooth, then we have the following
bound for the smoothness constant By of g(x) and the variance of stochastic gradient estimator Var =

E[|Vg(x) — Vg()|[3].
By <Bun® +2Lin?, (9)
Var <4Lin*. (10)

Proof. In this proof, we use the same f,/(x) definition as given in Eq. (8). we have

IVg(@) = Vgllz =l D fur(@)Vha (@) = Y fu(y)Vhe(y)ll2

u'eV u' eV
u' eV u' €V
+ Z fu/(w)th/(y) - Z fu’(y)th/(y)”Q
u' eV u' eV
NS @) Vhu@) = S furl@) V)2
u' eV u' eV
1D fu@Vhw(y) = Y fur (@) Vi (y)]2
u' eV u' eV
<D w @) Vb (2) = Vi (y)]]2
u' eV
+ ) fu(@) = fur )] [V (y)]]2
u' eV
<Y fw@)]-Bulle —ylla+ Y [fur(®) = fur(W)] - Ln,
u' eV u' eV

where the last inequality comes from the assumptions we made before.
Then, it is easy to see that

fur@) < Y n~<Hhu(m)> II a-h@)|=n

S:u'¢S u€sS vgSU{u’}

Then we bound |f, () — fu(y)|. First, we define

ru(@)= Y (o(Su{u'})—a(S)) (H :Eu) I[I a-=)

S¢S u€s vgSU{u’}
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where the input for r,/(-) is defined as « = (z,),ev € R™. Then we show that

|ru()77nu ‘<4TLZ|:CU yv

veV
We first show that

7w (T, Tap) — T (T, @) | < Ay — )

wl-

First, if w = o/, then it is obvious that ry/ (z_., Tw) — Tw (T _w, x,,) = 0, since the variable corresponding to w
does not appear in the formula. Then assume that u’ # w, we can get the following equation by rearranging
the terms.

T’ (w—wy xw)

=Ty Z (e (Su{u'}) —a(9)) H Ty, H (1—z,)

Swu/¢S,wes u€S,uFw v S, v#Eu’

t(l=2w) Y. (@SU{H) =) ][z [[ Q-2

S, w¢S uesS v S, v#EU ,w

Then we have the following inequalities

‘T;(wfunxw) - T;(a:,w,xiuﬂ

—l@u-2,) S U -o©) [ @ [ Q-=)

S:u'¢S,wes u€ S, uFw v S, v#u’
+ (2, — T) Z (e(SU{u'}) Hmu H (1—z,)
S/, wéS ues v S AU W

<2n|x, — )|

The last inequality is due to the two sum terms are the expectations of marginal influence. The marginal
influence is smaller than n due to submodularity.

Then given two vectors ¢,y € R™, we define zo = x, and z; = (y1,.. ., i, Tit1,...,Tn) fori =1,2,...,n—1
and z,, = y. Then we have

7w (22) — 10 (y)| =| Z ru(2:) — T (Zit1)]

< Z |(ru (2i) — Tur (2ig1)]
1=0

< Z 2n|xip1 — Yig1]

:2nz |z — Yol

veV

Then, let h(x) := (hy(x))uey to be the vector for the activation probabilities, then we have f, (x) =
ru (h(x)), and we have

[fur(®) = fur (W) =lrw (h(2)) — ru (h(y))]
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< Y [h(@) — hu(y)

veV

<2n'S" Lalle - yll;
veV

=2Ln” - ||z — yll2,

where the last inequality comes from the assumption that h,(x) is Lp-Lipschitz. Plug in all the terms, we
have shown that

IVg(@) = Vg)llz < Y |fuwr @) Bullz —ylla+ D 1fuw(®) = fu W)l Ln

wev wev
< Z n - Bullz —yll + Z Ly -wLyn® - ||z — yl|2
u' eV u' eV

= (Bn® + 20°L2) ||z — yl|a-

As shown above, the original function g is (8,n? + 2n3L?)-smooth.
Next we bound E[||Vg(x) — Vg(x)||3]. First, it is easy to show that |f,/(x)| is bounded by n, so we have

IVg(@)ll2 <Y |fur (@) [V (2)]]2 < L.

Then similar to the argument above, we also have
IVg()|[2 < n®Ly.

Then .
E[||Vg(z) — Vg(2)|[3] < E[(2n°Ly)?] = 4Lin* = O(n?).

O

The following corollary summarizes our stochastic gradient algorithm for the original objective function,
which will be used in the experiment section. It is a direct consequence of Theorem 2 and Lemma 20, and
the proof is omitted.

Corollary 1. Assuming that the function h,(x) is Lp-Lipschitz and By-smooth. By choosing the unbiased
stochastic gradient estimator shown in Definition 5, we run stochastic gradient algorithm which comes from [9].

The algorithm runs T rounds with gradient step size j; = el n31+2\/§Lh"2 7 where A = supg yep||T—Yl|2.
h P
Then

OPT [ A?(Bpn?®+2L%n%) V2ALun?
> - .
E[t_of?,%f%..,ﬁ(wtﬂ =3 ( iT T )

2 2 2 3
The above theorem shows that with the number of iterations T' = O (d (B ;Lhn )+ dLs’énz), we obtain

a solution whose objective value is at least (% - 5).
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